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Background

The theory of planetary and stellar orbits (also referred to as celestial mechanics) has its roots back in medieval
times when Johannes Kepler used Tycho Brahe’s observations of planet motions to show that the planets move
on ellipses around the sun and that the square of the orbital period is proportional to the cube of the major
axis. Over the past few decades however celestial mechanics has gained significantly in importance. With the
advent of interplanetary space flight celestial mechanics was no longer something passive (purely diagnostic),
but became something active in the sense that one was now able to choose what orbits to fly in. Furthermore,
the detection of some thirty exoplanets (planets around other stars) has been possible using celestial mechanics
by observing changes in the proper motions of the stars alone. With the ever increasing precision of such
measurements the requirements on orbit calculations are bound to increase too.

The present notes follow quite closely the excellent book by AE Roy Orbital Motion (Institute of Physics
Publishing, Bristol 1988). That is also the reason why, except for Chapter 1, the numbering of all sections and
equations is consistent with that book. However, because the book covers much more material than we cover in
this course, many chapters and sections are left out, and only three chapters are currently included: Chapters
4,5, and 11.

We shall mostly be concerned with orbits in the solar system. For future reference we give here some relevant
parameters of some celestial bodies in the solar system. (m is mass, a is semi-major axis, and 7' is orbital period.)

Body M [kg] a[10km] a[AU] T [yr]

Earth 6.0 x 10>* 149.5 1 1
Mars 6.4 x 102 227.8 1.52 1.88
Jupiter 1.9 x 10?7 778 5.20 11.86
Sun 2.0x10%° 0 0 -

The use of greek symbols is quite common. To help familiarising with these symbols I give below a table
of frequently used symbols, how they are pronounced, and what their meanings are. This table is also useful
because sometimes the same symbols are used for different things. (It’s all consistent with Roy’s book.)

symbol name meaning chapter

0 theta polar angle 4

I mu abbreviation for G(m1 + m2) 4,11
fractional mass, ma/(my + m2) 5

£ xi z coordinate of 3rd body 5.10.1
z coordinate in linearised equation 5.10.4

n eta y coordinate of 3rd body 5.10.1
y coordinate in linearised equation 5.10.4

¢ zeta z coordinate of 3rd body 5.10.1
z coordinate in linearised equation 5.10.4

A lambda characteristic value (eigenvalue), as in e*  5.10.4



Chapter 1

Mass, Momentum, and all that

In this introductory chapter we shall briefly review some basic concepts of mechanics used later on. Most of
this can easily be verified with simple experiments, and corresponding sketches will be given here.

1.1 Mass, weight and acceleration

Mass is what is usually called ‘weight’, although the two are not the same. Weight is really what is indicated on
the scales. The more massive a body is, the more the spring in the scales will expand. If the same experiment
is carried out on the moon however, the weight will be six times less, even though the mass is still the same!
The equation that relates the two is

F=myg (1.1)

where F is the force pulling on the scales (ie the weight of the body), m is the mass of the body, and g is the
gravitational acceleration. It’s called acceleration, because this quantity gives the rate at which the velocity of
a freely falling body increases, so

d_?t} = acceleration = g. (1.2)

If you let a body drop from the Claremont tower, you will find that after each second its velocity has increased
by approximately 9.81 meters per second. Thus, on the earth surface ¢ ~ 9.81ms~!, but the exact value
depends somewhat on latitude, because the earth is not exactly round. (On the moon g is roughly six times
less.)

Multiplying eq. (1.2) by m gives the force, ie

m% = force = F. (1.3)

If there are other forces (eg from other bodies) pulling on the body then the motion of that body will be
governed by the sum of all these forces, ie
dv
m = Z F;. (1.4)

2

1.2 Free fall and bullet trajectories

The motion of a body, as described by eq. (1.2), is independent of its mass. (If frictional drag were absent a
feather would fall onto the floor in the same time as a piece of metal.) Since g is constant (1.2) can be integrated
to give

v = gt, (1.5)

3
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where we have used that v(0) = 0. The position of the body z is given by dz/dt = v, and integration of ¢ gives
2%, s0
z=20— %gt2, (1.6)

where we have used the fact that gravity is directed downwards, but our z coordinate increases upwards.

When applying this to the problem of bullet trajectories the equations are the same, but the initial conditions
are different. It is also now important to use the vectorial nature of gravity, velocity, and position. Thus, we
have dv/dt = g and dr/dt = v using

0 Vz0 0
g=1| 0], vo=1| 0 |, 7r710=1]0]. (1.7)
-9 V20 0
The solution is then
’Uwot
r = 0 , (18)
vs0t — Sgt?

which corresponds to a parabolic trajectory.

1.3 Energy and energy conservation

There are different forms of energy. Here we will mostly be concerned with kinetic and potential energies, but
there are also thermal, electric and magnetic energies, for example. Energy conservation means that in a closed
system the sum of all energies is constant. If you drop a stone, for example, there was initially only potential
energy (which is equal to mgh, where h is height), but then as the stone falls its potential energy decreases and
the stone gains kinetic energy (%mvz). In that case energy conservation means

tmv® + mgh = const. (1.9)

(You may not notice it, but when the stone hits the floor kinetic energy will be transformed into heat, ie thermal
energy.) Applying (1.9) to the case of a pendulum we may set the constant equal to mghg, where hq is the initial
height. This allows us to calculate the maximum speed of the pendulum when it goes through the minimum:

Umax = V 2gh0-

1.4 Actio and reactio

The principle of actio and reactio is quite important, but it may seem at first somewhat strange. The point is
that bodies don’t exert forces upon themselves, but forces always originate because of somebody else. If A pulls
on B with the force F, then B must necessarily also pull on A, but with the opposite force —F'. This is the
principle of actio and reactio. If B lets go, then A will be unable to continue pulling on B.

This principle is also important in collision problems (next section). When a body hits another body then
the speeds of both bodies change respectively by the amounts Av; and Awvs during the short time span At.

Now because of actio and reactio, F'1 = —F5, and because of (1.3), we have
A’Ul A’Uz
= e —2 1.1
my At ma At ) ( 0)
S0
mlA'vl + mzsz = 0, (111)

or, denoting the velocities after impact by capital letters,

miv1 + mavs = m1 Vi + maVs. (112)
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1.5 Momentum and momentum conservation

The momentum of a body of mass m and velocity v is defined as mwv. Since the mass of a body remains
unchanged, its momentum evolution is governed by equation (1.3). If there is no external force acting on the
body, its momentum mwv will remain constant. When two bodies collide, the total momentum, mqv1 + maova,
as we have seen above, will be conserved. This is well illustrated by the colliding pendulum experiment; see
figure 1.1.

To describe general collision problems completely we need to invoke both energy and momentum conserva-
tion, because we have two unknowns (the two velocities after impact), so we need two equations; see the box
below.

Denoting the initial velocities by lower case v and the final velocities by upper
case V the law of momentum conservation gives

myv1 +mava = my Vi + mala, (1.13)
and the law of energy conservation gives
Imiv? + Imovd = tmy VP2 + Imo V7 (1.14)

We know the initial velocities, v; and vs, and the two masses, m; and mos. We
have two unknowns, V; and V5, with two equations, so we can solve this. When
doing the analysis one would first eliminate V5. It is useful to work with the
ratios g = my/mg and r = Vj /v1. In the special case where the second body
is initially at rest we have

Vi — \Z 2
i _mai—my Ve 2m (1.15)
v My + my v My +my
In the more general case of nonvanishing v, the result is
2movy +v1(mM1 —m 2mav1 + va(me — m
v, = 2U2 1(ma 2)’ vV, = 1V1 2 (M 1)_ (1.16)
mi1 + mo mi + mo

1.6 Circular motion

In order to force a body on a circular orbit one has to prevent it from flying straight; see figure 1.2. To do this
one needs to accelerate the body constantly towards the centre. We denote the orbital speed by V. After a
time At the body would fly straight over the distance VAt. To compensate for the departure from the curved
trajectory the body must be accelerated radially inwards with the acceleration a such that it travels a radial
distance }at?

We now want to work out the magnitude of the acceleration a needed to keep a body with orbital speed V'
in a circular orbit of radius r. In terms of cartesian xzy coordinates a circle is given by

22 +y? =1? (1.17)
In this expression we identify y with VAt and z with r — 2aAt?, so
(r — 3aAt®)? + (VAt)? =12 (1.18)

This gives
r? —raAt® + La® At + VAL =12, (1.19)
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or, after cancelling some terms, —ra + iazAF + V2 =0, but in the limit At —= 0 (continuous corrections) we
have —ra +V?2 =0, or
a=V?/r (1.20)

This is the expression for the acceleration needed to keep the body in orbit. The corresponding (inward pointing)
force mV?2/r is also called centripetal force, whilst the outwards acceleration is called centrifugal acceleration.

1.7 Newton’s law

Celestial bodies are rarely on a precisely circular orbit, but more often on a elliptic orbit. Nevertheless, in the
solar system the eccentricities (explained later) of many orbits is small, so let’s consider simple circular orbits
first.

Kepler found that the square of the orbital period is proportional to the cube of the orbital radius, so
T? ~ r3. (In order to determine T one just needs a calendar to measure the time interval in which a planet has
done one revolution. In the next section we show how distances to other planets can be measured relative to
the earth’s orbital radius.) Let’s see whether we can infer from Kepler’s law, T2 ~ r®, the radial dependence of
the gravitational force F'(r) needed to keep the body in orbit. We therefore identify the centripetal force with
the gravity force F(r), so

V2
M—

r

The circumference of the orbit is 277, so the orbital period is T = 27r/V, and therefore V = 27r/T. Thus,

F(r) = (1.21)

2
F(r) = m4;2r. (1.22)

3

In order that Kepler’s law, T? ~ r3, is satisfied, we have to have

r (r) _ const

3 (1.23)
This is Newton’s law of gravity. Newton also showed that the force must be proportional to the product of the
central mass M and the mass m of the orbiter, so

Mm

where G is a universal constant. Thus, in the special case of circular orbits Kepler’s 3rd law for the rotation
period takes the form T = 2m/r3/GM.

1.8 The distance to Mars

In order to proof Kepler’s law and to determine the numerical value of the gravitational constant G one needs
to know the distances to the various bodies. This is possible by measuring exactly the planets’ motions on the
sky. A curious observation is that around the time the planets are brightest (closest to the earth) they describe
a loop; see figure 1.3. figure 1.4 shows the opposition loop of Mars in the year 1999.

By measuring the speed of a planet on the sky (let’s use Mars here, although this technique works for other
planets too) during its backwards motion in the loop we can calculate the radius of the orbit of the planet
relative to that of the earth; see figure 1.5. After a time A¢ Earth and Mars have moved by the linear distance

dy and d,, respectively, where

At At
d1 = 271"!‘1T1, d2 = 271"[‘2F2. (125)

So, relative to Mars the Earth has advanced by d; — d2 whilst their relative distance is ro — r1, so Mars will

move backwards in the sky by the angle
dy—d
Ap=—"""22 (1.26)

Ty —T1



1.9. ANALOGY BETWEEN LINEAR AND CIRCULAR MOTIONS 7

Moving ro — 71 to the left hand side, A¢ to the right hand side, and using (1.25) we have

At r1 T2
—_pr =27 — [ = — =2 1.27
T2 —T 7TA¢ (Tl T2> ( )
or, collecting the factors of r; and rs,
ro 1+ 785
= =—S3" (1.28)

From figure 1.4 we see in half a month (At = 1/24 yr) Mars has moved backwards by 40 minutes. (Astronomers

measure the azimuthal angle — from west to east — not in degrees or radians, but in hours, so 24 hours corresponds

to 27.) So for a A¢ of 40 minutes we have A¢ = 27 x 40/(60 x 24), and with T; = 1yr and T> = 2yr we have
1/24

rg 1+ 72/(3@24) _1+3/2  10/4

~ 1/24 -
1 1+4/(?{W 1+3/4 7/4

=10/7, (1.29)
which, given the accuracy of this calculation, is remarkably close to the exact value of 1.5.

1.9 Analogy between linear and circular motions

There is a close analogy between linear and circular motions. Distance corresponds to angle, whilst velocity
and acceleration correspond to angular velocity and angular acceleration, respectively. Although we haven’t
really discussed the counterparts to mass and force and other quantities at all, we mention them now with their
definitions in tabular form; see Table 1.1.

distance =

velocity v =2 = &
acceleration a = v
mass m =y, Am;
force F' = ma

kinetic energy Fiin, =
momentum p = mv

2

l7’)’1/1)

2

angle ¢
angular velocity w = ¢ = ¢
angular acceleration o = w

moment of inertia I = Y, Am;r?

torque T = Ta
rotational energy Froy = 3Iw?
angular momentum L = JTw

With those rather informal preparations we will now launch into the more mathematical discussions of
Kepler’s laws, allowing for the more general non-circular orbits.
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Figure 1.1: Illustration of momentum conservation: the ball on the left hits the other balls with a certain
velocity v, and so its momentum is mwv, where m is the mass of each ball. When it hits, the push is transmitted
to all other balls and, since momentum is conserved, the right most ball moves to the right at the same speed.
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Figure 1.2: In order to force a body on a circular orbit one has to prevent it from flying straight. This requires
an acceleration a.
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Figure 1.3: Loop in the motion of Mars during opposition as seen from Earth relative to the background stars.
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Figure 1.4: Loop in the motion of Mars between January and August 1999. The numbers give the month.

11
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Figure 1.5: Positions of Earth and Mars at time At after opposition. The opening angle of the triangle gives
the backward motion.



Chapter 4

The Two-Body Problem

4.4 The Solution to the Two-Body Problem

In the following we consider two masses, my and ms, so their mutual gravitational attraction force is F' =
Gmyma [r?; see (1.24). We denote the position vectors of the two bodies by 71 and 73, so their mutual distance
is r = |ro — 71|, the velocities of both bodies are 71 and 72, and their accelerations are #; and #3. The equations

of motion of both bodies are then
mimso

mii1 =G 3 T, (4.6)
mim
maoiy = —G 13 2’1‘, (47)
r
where r = r5 — 71 is a vector pointing from m; to ms. Adding the two equations (4.6) and (4.7) gives
mﬂ*l + m27'*2 = 0,
giving the two integrals
miT1 + mat2 = a, (4.8)
miT1 + maers = at + b, (49)

where a and b are integration constants. (Our first 6 out of a total of 12 integration constants!)

Introducing the abbreviations
MR =myr1 + mars

and
M =m; +ms

we can rewrite (4.8) and (4.9) as
MR=a, MR=at+b,

which shows that the position of the centre of mass,

miry + maro
my1 + me

moves with constant velocity, R = a/M.

13



14 CHAPTER 4. THE TWO-BODY PROBLEM

Dividing (4.6) by m; and (4.7) by ma gives

.. T
T = Gm2r—3 (410)

and r
’.7;2 = —Gmlr—g. (4].].)

Subtracting the two equations (4.11) from (4.10) gives

d2

r
w(’l‘z - 7‘1) = —G(m1 + mz)r—3

or

7+ G(my +m2)rL3 =0.

We introduce the abbreviation u = G(my + m2) to write this as

We now perform two different vector manipulations with Eq. (4.12): taking the vector product with r and
taking the dot product with 7 and integrate. So taking first the vector product of r with Eq. (4.12) we obtain

rx7 =0.

Noting that

%(rxr)=rxr+rxr=rxr,
we see that integrating once yields
rX7=h, (4.13)

where h is another integration constant, pointing in the same direction for all ¢. (We have thus a total of 9
integration constants now.) The motion of one body about the other lies in a plane defined by the direction of
h. The area per unit time covered by r during the orbit is constant; see Fig. 4.1.

In polar coordinates (r,6) we have
r=1Ir
7 = Ir + It = Jor + I (4.14)

where I and J are unit vectors in the 7 and 6 directions. In deriving (4.14) we
have made use of the fact that I = J6; see Fig. 4.2. Thus (4.13) becomes

h =1Ir x (Jor + It) = r*0K,

where K = I x J. Thus,

h =r20. (4.15)

Now we come to the last manipulation on (4.12); this time we take the dot product of (4.12) with 7:

rer
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Integrating this gives

i -t=c ()

where C' is our 10th integration constant. The first term is straightforward, because

As for the second term we write
a1y _ 7
dt \r)  r?’

However, using (4.14), and since I - J = 0, we see that # - r = #r. Therefore

d (1\ 77
dt\r) 1’
which verifies the second term in (*) above. Since 7> = v? is the velocity squared, we can also write
v’ == =C, (4.16)

which describes energy conservation of the system. (The first term on the left hand side is related to the kinetic
energy whilst the second term on the left hand side is related to potential energy. This equation also shows that
the larger r is, the smaller is u/r, and therefore the smaller is v. In other words, at large distances the velocities
are smaller.

In order to write Eq. (4.12) in polar coordinates we need to calculate first #:
. d /- - ~ X, au Al z . Al
= 7 <J0r+1r) = JOr + JOr + JOr + I + I7.
We now need the derivative of J
J=-10,
see Fig. 4.2. Thus we have
# = —16%r + JOr + J0r + J6r + Ii = I(# — 6%r) + T (0r + 207).
This can be rewritten in the form

~ . ~1d -
..=I.._2 __02
P (7 0r)+ert(r),

which can be verified by backwards differentiation. Now plugging this into
(4.12) we have

i— b = -5 (4.17)
and 14

The latter equation (4.18) yields the familiar integral

r20 = h, (4.19)
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which is just the scalar version of (4.13). The former equation (4.17) is more interesting and can we rewritten
in the form

u” +u=p/h?
(see model solutions to exercise 1). The general solution is
w
U= + Acos(f — w), (4.20)

where A and w are two new integration constants. This gives now a total of 12 integration constants. Reintro-
ducing r, Eq. (4.20) becomes
1 h?/p

" T R+ Acos(0 —w) 1+ (Ah2/p) cos(d — w)’

which has the form of the equation describing conic sections,

p
— I 4.21
’ 1+ecos(d —w)’ (421)

where p = h?/p and e = Ah? /p is the eccentricity. Plots of r = r(f) for different values of e are given in Fig. 4.3.

Thus, the solution of the two-body problem is a conic section, and the type of
section depends on the value of the eccentricity e:

(i) for e = 0 the orbit is a circle,

(ii) for 0 < e < 1 the orbit is an ellipse,

)
)

(iii) for e = 1 the orbit is a parabola,
)

(iv) for e > 1 the orbit is a hyperbola

4.5 The Elliptic Orbit

In cartesian coordinates the canonic equation of an ellipse is

2 2

x Yy

o + ol 1,
where a is the semimajor axis and b the semi-minor axis. To see the relation between this equation and (4.21)
we define

T—xg=rcosf, y=rsinf,
where f = § — w is an abbreviation for the position angle from the perihelion. Unlike Fig. 4.3, the second body
was in the origin (so £ = r cos f), here the centre of the ellipse is the origin. With these preparations we write
(4.21) as
r+ercosf=p,

or
r? = p? — 2percos f + € (rcos f)?,

or
(x —20)? + 9% = p* — 2pe(x — 10) + € (x — x0)*.

This can be written in the form

z?(1 —e?) +y? =p® — w%(l — e?) + 2pexy + 2x[zo(1 — €?) — pe] (xx)
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To bring this into the canonic form we choose z¢ such that the mixed term in angular brackets vanishes, ie

_ _bpe
.730—1_62.
Then we have ( )2 ( )2 ( )2
2 2 2 2 pe pe 2 pe 5 1
1— = — 2 = =
T(=e)+y =p 1—e2+ 1—e2 p+1—62 Pi e

Dividing this by p?/(1 — €2) we obtain the canonic form with

We now want to write down an equation for the orbital period T. We make use of the fact that the area

covered by the position vector of the orbiter per unit time is %h. After the time T the area is %hT. But this

has then to equal the area of the ellipse, which we know is wab. Hence we have
1
§hT = wab.

Eliminating b, and multiplying by 2/T, we have

However, since p = h?/u = a(1 — €?), we can eliminate h, so

\/g\/l—e2:2%a2\/1—e2,

> T =2n+\/a3/p. (4.26)

This equation allows us to compute the masses of celestial bodies, if the periods and semimajor axes of orbits
around them are known.

4.5.2 Velocity in an elliptic orbit
Let V be the velocity of a body, then

V2 =72 = (I + 1) =72 + 1?62, (4.32)
Differentiating (4.21) we have
. p P
r= —W (—esmf)0 = ;esmf@
Now since 726 = h, we have
h
7= ’ esin f (4.33)

On the other hand, from 726 = h we also have

rf = g =—(1+ecosf), (4.34)

SRR
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so we have for V2

2

2
Vi= (%) [(esin f)* + 1+ 2ecos f + (ecos f)?] = (g) [(e® + 1+ 2ecos f],

or

VZ= (2)2 [(2+4 2ecos f — (1—¢%)], (4.35)

V2= (%)2 [25-(1-&)}.

Using again h?/pu = p = a(1 — €?) we can eliminate p, so we have

2 2
o= (1) 6r-D-E (1)

VZ= (2 - 1) . (4.36)

This equation can be used to calculate the orbital velocities at perihelion and aphelion, for example.
Equation (4.36) can be used to calculate the value of the semimajor axis:

or

or

i’
T -V 430

It is remarkable that a is the same once the values of V? and r are specified. Hence, the direction of the velocity
does not matter; it only affects the eccentricity, but not the value of a. Furthermore, from Kepler’s third law,

a3 1/2
T =2m (—) , (4.38)
1

we can derive a relation between the period and the velocity,

T = 2mp (27“ - V2) - (4.38)
(This relation is used in one of the exercises.)
4.6 The Parabolic Orbit

For e = 1, Eq. (**) on p. 16 takes the form

y* = p® + 2pzo — 2pz,

which is indeed the equation of a parabola. If 2o = —p/2 is chosen we have y? = —2pz.
The velocity in a parabolic orbit can be calculated like before. The case e = 1 corresponds to a — oo, so
Eq. (4.36) yields
2 1 2
V2= <_ _ _) - 2K (4.78)
rooa r

There is an interesting relationship between this and the velocity V. in a circular orbit, which is obtained by

putting a = r in Eq. (4.36):
2 1
V2= (— _ —) _ (4.79)
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If the body in a circular orbit is given an impulse, so that its velocity becomes
2
V2= ;“ (4.80)

it will enter a parabolic orbit that will take it to infinity. It will reach infinity
at zero velocity. It is seen from (4.79) and (4.80) that

escape velocity = circular velocity x v/2. (4.81)

4.7 The Hyperbolic Orbit

We use Eq. (4.21) in the form

p
=—. 4.88
"1 + ecos f (4.88)
The canonic form of the equation of a hyperbola takes the form
2 2
-
a b2
where now
p i 2
a = 62——17 and a—2 =e“ —1.

There is an angle f = £ for which r — oo giving the asymptote along which the body goes to infinity. The
angle 21y between the two asymptotes of a hyperbolic orbit is reached when the denominator vanishes, ie

1+ecosyy =0, (4.89)

) .
cosyy = ——
e

Using the fact that e = /1 + (b/a)? and
sin? ¢ 1
cos2y  cos2

1+tan®e) =1+

we have
tany = tb/a

for the half-angle between the two asymptotes.

4.7.1 Velocity in an hyperbolic orbit

Proceeding as in Sect. 4.5.2, we obtain an equation similar to (4.36), but with a different sign in front a;

. 2 1
Vi=p (— + —) . (4.91)
r o a
At perihelion, f =0, we have r = a(e? — 1)/(e + 1) = a(e — 1), so
2_ ket
() -

Note that the body reaches infinity at finite speed.
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4.9 Barycentric orbits

The orbits given above all refer to a frame of reference where one of the two bodies is at rest. We now want to
derive the equations describing the motion in the frame of reference where the centre of mass is at rest. Thus,
mi1r1 + maers = 0, or, in scalar notation where the distance from the centre of mass, R; and R, are both
positive numbers,
m1R1 = ngg.
In addition we have
R1 + R2 =r
and
my +mg = M.
We first eliminate R, so
m
—1R1 =R2=T—R1.
ma

We then eliminate also m; = M — mo and multiply by ma, so
(M — mz)Rl = m2(T - Rl).

Here the myR; term cancels on both sides, so

MR1 = mar,
or e
Ry = ﬁr. (%)
As similar law holds also for Ra:
Ry = mr
2= 3"

We now want to express Kepler’s second law, 126 = h, in terms of (Ry,6;) and (Rz,65). Since the two bodies
move about each other at the same rate as about their common centre of mass we have

0, =0y = 0.
Inserting this and Eq. (*) into Kepler’s second law, 720 = h, yields

Ry (%> 6, = h,
ma

R0 =hy

or, defining new values of h; and hs,

and )

R26 = h,.
where R; and R, are the distances from the centre of mass, 6 is the position angle (with the same rate of change
for both of them), and h; and hs are given by

and, similarly,
my 2
h=(37)
The barycentric orbits of m; and my are therefore similar to each other and to their relative orbit. The values
of the semimajor axis scales with mass just like the radius scales, ie

ma
a; = —a
M
and
ma
as = ——a.

M
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Application to binaries

Some binary stars are close enough so that their orbital parameters can be measured direction. The following
consideration shows how this can be used to calculate the mass of the two components. Suppose you have
measured ai, a and the orbital period, 7. From this you first calculate the total mass in terms of the solar

mass, so
M _(ay(L N
M@ - ]. AU 1 yr ’

where a = a; + a2. (Example: a1 = 2AU, a; = 8AU T = 20yr, then M = 2.5Mg.) One can then calculate

their individual masses using the equations above: m; = Maa/a = 2Mg and me = May/a = 0.5Mg, where
a=10AU.

4.10 Classification of orbits with respect to the energy constant

We said earlier that the constant C' in the equation of energy conservation,
lyz_ % -, (4.110)

with g = G(my +m2), is related to the total energy. The total energy is the sum of kinetic energy and potential

energy, which in this case is

. Gmim
1 2 1 2 17762
E—§m1V1 +§m2[/2 -

(%)

r
The velocities of the barycentric orbits scale with mass in the same way as the radii, so

V2 = R} + R2; = (%)2 (7 + r26%) = (%)21/2,

and similarly,

()

Inserting this into (*) yields

mimeso

E=—"—
mi1 + ma

There are three distinct cases:
(i) for an ellipse, V2 = u(2/r — 1/a), and hence C = —pu/2a

(i) for a parabola, V2 = 2u/r, and hence C' = 0

(iii) for a hyperbola V2 = pu(2/r + 1/a), and hence C' = +pu/2a

4.11 The orbit in space

Suppose r and 7 are given in cartesian coordinates, we have

r2 =g+ y2 4 22 (4116)

and
Vi=3a? 4% + 2% (4.117)
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The components of the equation r» x 7 = h then become
zy—yx =h,

2E—x2 = hy
The equation
h? = pp

allows us then to calculate p, since u = G(my + ms) is known. The type of conic section is then determined
using (4.110), ie

Ly _E_c
r

For an elliptic orbit the value of a is then obtained using

V2o, (2 _ 1) , (4.36)

r a

and likewise for other conic sections. The value of e is then obtained from the equation

p=a(l—eé%).
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Figure 4.1: The surface spanned by r and 7 is given by the cross product of the two vectors, divided by two,
. 1 .
ie z|r x 7|.

2
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Figure 4.2: The difference I( + Af) — I(6) is equal to JAG; thus AT = JA and so dI/dt = Jd/dt, or
I=J6. On the other hand, the difference J(6 + Af) — j (6) points in the negative I direction, so it is equal to
—IAG; thus AJ = —IA6 and so dJ /dt = —Id6/dt, or J = —I6.
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Figure 4.3: Plots of r = r(#) for different values of e and p = 1. Here = rcos f and y = rsin f, where
f=0—-w.
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Chapter 5

The Many-Body Problem

Already the three-body problem can no longer be solved in closed form. Only special cases can be solved. The
known integrals concern only expressions involving sums over all particles.

5.2 The Equations of Motion in the Many-Body Problem
Define the vector that is directed from body i to body j as
Tij; = Rj - Ri (5.1)

The force on body ¢ that results from all the other bodies j # i is then

F,—szl rij, t#7j, 1=12,.

= i

Newton’s law is then
n
msz =G E %TU, i 7é j, 1= 1, 2, [ (N (5.2)
re.
j=1 i

Note that
Tij = —Tji- (5.3)

5.3 The Ten Known Integrals and Their Meanings
The sum of all accelerations is
i=1

This is because
n n

zm RGN, — ey Y T,

i=1 j=1 U j=11i=1 J’

where we have just renamed the symbols i — j and j — ¢. Reordering the symbols and interchanging the order

of summation yields
Yomiht = GY 3 - G303 T,

i=1 j=1 U i=1 j=1 2-7

27
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where we have made use of (5.3). Thus Y., m;R; = 0. Integrating once yields

Zm,R, =a, (54)
i=1

which is related to the velocity of the centre of mass of all the bodies. In Chapter 4 we have derived this
equation for the special case n = 2. Integrating a second time gives

Z m;R; = at + b. (55)
i=1

Defining, as before,

MR = i miRi
i=1

and .
M = Z my;
i=1
we have
R=(at+b)/M, (5.6)
which is the location of the centre of mass, and

R=a/M, (5.7)

which is the velocity of the centre of mass.
Again, we play similar tricks as before: take the cross product of (5.2) with R; and the dot product of (5.2)
with R; and sum over all 7, so

n . n n mzm ] )
Zm,szRz:Gzz 7‘3 ]RiX‘T‘,'j, ]#l. (58)
i=1

i= i=1j=1 14J

We can simplify the double sum by noting that for every pair (i,7) there is a corresponding pair (j,¢). Hence,
we evaluate
Rixrij ZRiX(Rj—Ri)ZRiXRj
and
Rj X Tj; = Rj X (Ri — Rj) = —R,' X Rj.
Thus, to each pair (4, 7) there is always a corresponding pair (4,%), but it has the opposite sign, so they cancel.
Therefore
n ..

Z miRi X Ri =0.

i=1
Integrating once gives

n

i=1

Until now we have 9 integration constants, three from a, three from b, and three from C. The tenth one is

obtained from the energy equation, which is generated by dotting (5.2) with R;, so

rs.
i=1 j=1 1

n n o n
E msz . Rz =G E E 13 J Rl “Tijy, ) 75 2. (510)
i=1
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Now,

Rz' . ’I"ij = Rz . (RJ - Rz) (511)
The same with interchanged coefficients involves

Rj “Tjii = —Rj - (R, - Rj) (5.12)
Adding (5.11) and (5.12) we have

R,’ *Tij + Rj ‘T = —(Rj - Rz) . (RJ - R,) = —’l;‘z'j *Tij-

Since (5.11) and (5.12) are the same thing, just with different names, we use both and divide by two, so

n n

n
E miR; - R; = —3G E E %sz “Tij,  JF# -
i=1

i=1j=1 4
or

j’i‘,’j “Tij =0. ]#Z

m;m
3
'rij

i=1

n n n
Yomik- i 36303
i=1 j=1
Integrating once gives

n .9 n n T . )
%ZmiRi—%GZZ#:E, j#i (5.13)
=1

i=1 j=1

where E is our tenth integration constant.

Note here that, similarly to Eq. (4.16),

We define the quantity

so Eq. (5.13) becomes

where

is the kinetic energy of the system and —U is its potential energy. The sum of 7" and U is conserved, but at
any time there can be exchange of energy between potential and kinetic energy reservoirs.
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5.4 The force function

The function
m;m; . .
U=163 St
i=1 j=1

is a symmetric function of the masses and their mutual distances, but not of time or individual position vectors
explicitly. Differentiating partially with respect to the position R; we obtain

V,'UZ 8U/6y,
In the box below we show that
mim;
F; — Ly i £ 4, 1=1,2, ..., n.
V.U = szl T'z] —3 Tij, 175,77 ¢ 34y ey T

Note here that
Vir;' = Vil(R; - R)’] '/? = —1[(R; — R)’] **2(R; - R;) Vi(R; — R,).
Since V;R; =0 (i # j) and V,;R; =1 we have

Vi = [(R; — R))| 7% (R; — Ry) = ri; /13,

and therefore

The function U is called force function, because its partial derivatives give the components of the force
vector. The work done by the gravitational force between two particles at R; and Ry to move a particle from
a position R, to Ry is given by the line integral [ s F -ds, so

R
2 oU oUu oUu mims
Wy = F -ds = —dz+ —dy + —dz URy;) —U(Ry) =U(Ry) =G .
2 R S /R ((%2 £ 979 ) ( 2) ( ) ( 2) 12

oo

Moving now a third particle from infinity to position Rz by the forces between R3 and R; and R, gives the
work

Wi =G (

mims moms3
+— ),
T13 T23

so that the total work to assemble three particles is

mime maoms ma3my
- (mame , mams o),
T12 T23 731

which is equal to

— IGZZmsz

i=1 j=1
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and likewise for n particles
n

U-4ey Y

T
i=1j=1 Y

5.5 The Virial Theorem

Let I be the moment of inertial of the system, defined by

I= zn:m,-Rf.
i=1

Differentiating twice yields

i=1

j = Zmﬂ(Rf + RiRi),

i=1

or .
I= 4T+22R,~VZU, (5.16)
=1

In the box below we show that .

> R;ViU=-U,

i=1

so that (5.16) becomes

I=4T - 2U.
However, since T'— U = E we have
I =4T +2(E —T) = 2T + 2E.

If £ > 0, and since T > 0, I must increase indefinitely and so at least one particle will escape. For the system
to be bounded, E < 0 is a necessary (but not sufficient) condition.

Calculate

iRiviU = ii m;;nj R; ESTR
i=1

i=1j=1 U

The same expression can be generated by exchanging ¢ and j, but since we
differentiate then with respect to the other index the sign is different, so
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If the system is statistically stationary then (I} = d?(I)/dt> = 0, and so

or

(T) = 5(U).

Thus, on the average, the kinetic energy is half the magnitude of the potential energy.

5.8 Lagrange’s Solution of the Three-Body Problem

We now derive a very special solution of the three-body problem where the geometrical form of the three-body
configuration is unchanged, except for an overall time-dependent scale factor. Such a solution exists only if the
following three conditions are satisfied:

e F'; points to the centre of mass
e F; x R; (force is proportional to distance)
e the initial |R,| is proportional to R; and the directions of R; x R; are the same for all i = 1,2, 3.

We start with (5.1)—(5.3), applied to the case n = 3, ie

3
miky =Gy Ty (j#4, i=1,2,3), (5.17)
=1 T
where
Tij; = Rj - Ri, Tij = —Tji-.

We assume that the origin is the centre of mass, so

3
> miR; =0. (5.18)
i=1

This can be rewritten in such a form that we extract the mutual distances, 12 and 713, in the form

MR, = —mari12 — m3Ti3,

because that is just
(m1 +ma +m3z)R; = —ma(Ry — Ry) —m3(Rs — Ry),

which is satisfied because of Eq. (5.18). We shall return to (5.19) below, but for now we use it to show that the
force on each particle, Fj, is proportional to the distance from the centre of mass, R;. To this end we first take
the square of (5.19),

]\/[21?,2 = m%Tﬂ + m%r%:; + 2m2m3 T12 -T13- (520)

If the shape of the configuration does not change, the relative distances between particles, 12, r23, and r3; are
given by
Ti2 T3 T3l )
(r12)o (r23)0 (r31)0 ’

where (7;5)0 denotes the initial value of r;; at ¢ = 0. Also, if the angle between 712 and 73 is to be constant
we must have

91 = 92 = 93 = é(t)7 (522)
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were 6; is the angular velocity of the particle ¢ about the centre of mass. With these preparations (5.20) can be
written in the form

M?RY = [f()]? [m3(r12)§ + m3(r13)§ + 2mams (r12)0(r13)o cosail, (5.24)
where «; is the (constant) angle between 715 and r13. Equation (5.24) shows that

Ry = (R1)o f(t),

or, in general,

R; = (Ri)o f(1), (5.25)
We now use polar coordinates to write down the angular momentum integral,
3 -
C= Zmsz X Ri, (5.23)
i=1
where . ) . . )
Thus,

However, all three particles are in one and the same plane, the normal of which is given by Ki=K,=K;=K ,
where K; = I; x J;. Therefore, and because of (5.22) and (5.25), we have

3
C =[] Z[mi(Ri)ﬁ]- (5.26)

The angular momentum of each particle about the centre of mass is R?8 = (f20)[m;(R;)3]. Now, [m;(R;)3] is
obviously time-independent, but the angular momentum of each particle could still change if [f(#)]?0 changes.
However, Eq. (5.26) shows that because Ele[m,-(Ri)%] is constant in time, also [f(¢)]?f must be constant.
Thus, the angular momentum of each particle about the centre of mass is constant. There is still something
else we can learn from (5.26). In polar coordinates, the force (per unit mass) acting on each particle, ie the

acceleration, is
1d

— —(R%0)| .
(@)
(This is analogous to the corresponding expression for # in the two-body problem.) Now, because the angular
momentum of each particle about the centre of mass is constant, the term multiplying J; vanishes and so the
force acting on each particle is directed to the centre of mass.

As we have just seen, the force per unit mass F;, is directed along the radius vector R;, and its magnitude
satisfies

F; :Ri:ji(Ri—RiéQ)-i-ji [

F; = ]'2Z — R102
Using (5.25) we see that . . . .
F; = f(Ri)o — Ri6” = Ri(f/f — 6).

Since the expression (f/f — 62) is just a function of time and independent of
the particle, we see that the ratio between any two forces is equal to the ratio
of the distances from the centre of mass, ie

F1 ZF21F3:R1 2R21R3 (527)
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We now consider two cases, which satisfy the three conditions given above. Since the force is directed along
the radius vector we have

R,’ X F,’ = 0,
or )
The acceleration of particle 1 is given by
.. m m
R =cG [T2(R2 ~Ri)+ = (Rs — Rl)] ,
T2 T3

see (5.17). We now take the dot product of R, with R; and obtain

R R
R x (mQT2 +m373) =0. (5.28)
Ti2 Ti3
We now apply (5.18) to substitute for
msR3 = —mi1R; —maR>
in (5.28), which then becomes
R R
Rl X (szz —mQTQ) =0.
Ti2 T13

or

1 1
(R1 X Rz) (— — —) 0.
iy T

There are of course two similar equations for the other two particles that must also hold, ie

1 1
(R2 X R3) (— - —) =0.

T%3 Tgl

and . )
(R3 X Rl) (— - —) =0.

o T

This set of equations can be satisfied in two different ways: either by having
T2 =723 =731 =T,
which corresponds to an equilateral triangle, or by having

R1XR2=R2XR3:R3XR1=0,

which puts all the particles in a straight line.

In the first case of an equilateral triangle Eq. (5.17) becomes

- Gmy
mi Ry = 3 (mari2 + mar13).

Here is where our boxed equation (5.19) comes in handy, because the stuff on the rhs, (mari2 + mgri3), is just
equal to M R;, so that

R, = ——5 R (5.29)
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This can be written in slightly different form by expressing r in terms of R;. This can be done using Eq. (5.20)
which, using the fact that the angle between 712 and 713 is 60°, and cos 60° = 1/2, takes the form

M?R} = (m3 + mj + mams) r°. (5.29b)
Substituting this in (5.29) yields
.. GM
R, = —R—;Rl, (5.30)
1

where
(m32 + m3 + mams)®/?

M, =
! (m1 + msa + m3)2

(5.31)

This equation is just like the equation for the two-body problem; see Eq. (4.19), but the effective mass is not
my, but M;. As long as the initial conditions fall in the present class of solutions, the arrangement will stay an
equilateral triangle, though its size may oscillate or grow/shrink.

In the second case of a collinear solution the force (per mass) acting on particle 1 is

— T3 — X
F1 :Gmg 2 i +Gm3 3 1.
Z12 Z13
But by Eq. (5.25)
z; = (zi)o f(1),
so that o
XTo — X T3 — & constant
F = 2 |2 2 ! +ms3 - : = 2 :
f T12 13 0 f

This equation shows that, since f is proportional to the distance, the force is inversely proportional to the
square of the separation. We now adopt the additional constraint that the force is directly proportional to the
distance from the centre of mass, ie

F12F2:F3:.'171:.7721.'L'3,

which fixes then all distances. Thus, we require F; = Ax; and write

Iy — I Ir3 — I
Ax1 = mo 3 + ms3 3 R (5.32)
Ti2 Z13
3 — T2 1 — T2
Azry = m3 + my R (533)
x3 x3
23 21
1 — T3 T2 — T3
A.’L‘3 =mq 3 + Mo 3 . (534)
T31 T3

These three particles are arranged in the order 3, 2, 1, so 1 — 22 > 0 and 2 — 23 > 0.
Therefore the last three equations become

ma ms

Az = ——~ — ==, (5.32")
xf2 37%3
ms mi
sz = ——+ — (533’)
T33 x5
m1 mo
Azg = 4+— + —- (5.34")
x%l -7’%2
Subtract (5.33") from (5.32'), i.e. calculate (5.32') — —(5.33'), which gives
1 1 1
Azio = m3 (— - —) - (m1 + mz) —- (535)
3“53 $%3 m%l



36 CHAPTER 5. THE MANY-BODY PROBLEM

while subtracting (5.34") from (5.33’) gives

1 1 1
Azzz =m (T - T) = (m2 +m3) —-, (5.36)
12 T3 Ta3
We now define the ratio
Z23
X =%
T12

and, because of the way the particles are arranged, we have z13 = T12 + Z23, SO

1 X
E:X+1, @:_, Tz _ A
Z12 i3 X+1° x5 X+1

Multiplying (5.35) by z2, yields

X2
A$12$§3 =ms |:]. — m] — (m1 + m2) X2, (5351)
whilst multiplying (5.36) by z12223 yields
X 1
A$12$g3 =ma |:X — m] - (m2 + m3) E, (5361)
Subtracting (5.36°) from (5.35’) gives
X2 X 1
A X2 —my | X — — =0.
o 1 ] om0 [ | ) =0

Multiplying by X (X +1)2 = X3 +2X? + X gives
ma [X% +2X2 + X — X%] — (m1 +mo) X3(X +1)2 —my [X2(X +1)2 = X2] + (ma2 +m3) (X +1)2 =0,

or
ms [2X% + X] — (m1 +m2) X° +2X* + X3 —my [X* +2X3] + (m2 +m3) X2 +2X +1=0.

Collecting similar powers of X gives
X5(my +ma) + X*(2my + 2ma +my) + X3 (my +ma + 2my) + X2(—2ms — ma — ms3)
+X(—m3 — 2ma — 2mg3) + (—m2 —m3) =0,
or
X5(my +ma) + X*(3my + 2ms) + X3(3my + ma) — X2(my + 3ms) — X (2ms + 3ms) — (my +ms) = 0.

Descartes sign rule states that the number of positive roots of a polynomial is equal to the number of sign
changes in the sequence of the coefficients of the polynomial. Note that there is only only change of sign (be-
tween the coefficients of X® and X?2). Hence, there can only be one positive root! This then defines uniquely the
positions of the three particles in the order chosen. In the table below some results for X are give for different
values of m; and mo, keeping m3 = 1 in all cases.

my =0 001 01 03

1
my =0 | — 6.07 254 164 1
0.01 6.40 4.86 247 163 1
0.1 2.88 2.76 210 154 1
0.3 2.00 197 1.73 142 1
1

1 1.43 142 136 1.24



5.9. REMARKS ON LAGRANGE’S SOLUTIONS 37

5.9 Remarks on Lagrange’s Solutions

Both the equilateral triangle and the straight line solutions are realised in the solar system. Once two particles
are taken as points of reference, there are 5 points where the third particle can be placed. Those points are
called Ly, Lo, L3, Ly, and Ls. The points Ly and Ly form the equilateral triangle. In the solar system there
are 12 asteroids in the places formed by the Jupiter—Sun system. Those points are also called the Trojans.
Their positions can oscillate about the actual Ly and Ly points with small amplitude. Finally, the straight line
solution appears to be realised in the form of additional dust on the direction earth-sun away from the sun.

5.10 The Circular Restricted Three-Body Problem

In this problem the third mass is negligible, so there are only two masses. We simplify notation by assuming
that the sum of the two masses is unity. This corresponds to saying that we measure mass in units of the total
mass. Apart from that everything else is the same as in Section 5.8. In particular, we will be dealing with either
the collinear or the triangular solution of the 3-body problem.

5.10.1 Jacobi’s integral

In the following we denote the positions of the three bodies by 7o (for the massless body), r; (for the more
massive body) and r, (for the less massive body). The orbits of m; and my about the common centre of mass
are easy to write down:

z1 = Ry coswt, y; = Rysinwt,

To = —Rs coswt, 1y = —Rasinwt,

where w = § = const is the angular velocity of the two bodies. The position of the third body is then either on
a straight line that connects the two bodies, or in one of the two triangular points.
The motion of the third (massless) particle is governed by the equation

. momi momma
moTo = G 3 To1 +G 3 To2-
To1 To2

Although mg — 0, this equation cannot be neglected, because the factor mg cancels. The only effect of the
neglect of myg is in the equation of the two other bodies, m; and my, which constitute now a two-body problem
in its simplest form.

The equations can be nondimensionalised by measuring 7 in units of the separation between the two bodies,
a = T2 — 1, mass in units of the total mass M = m; + mo, and time in units of \/a3/GM. In such units the
massless body is governed by

. T01 702
Fo=(1—p) = +p—s.
! T
In component form, r = (&, 7, (), we have
» &H—¢ & —¢
5 = (1 - ll/) 3 + 1% 3
1 T3
. m—n n2—n
= (1 - /1’) 3 +u 3 (538)
3 rs
G—¢C, G-
C = (1 - /’l/) 3 +u 3
1 T2

where
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The positions of m; and my are
Ty =—p, xo=1—pu.

Within a rotating frame of reference, (z,y,2), we have
1= (21 —2)* +y° + 2%
ry = (22— )’ +y° + 27,

where the line y = 2z = 0 marks the connection line between the two masses. The rotating frame rotates with
the angular velocity 8 = \/G(m; + my)/a® = 1, because a = 2 — 1 = 1 and G(m; + ms) = 1.

Dimensionless units: a proper change of variables. In dimensional units to total
mass is M = my + mo and the semimajor axis is a = x5 — z;- We then define
new dimensionless quantities as follows:

Z=2x/a, m=m/M.

The orbital period is 27y/GM /a3, and so we could introduce a dimensionless
time by dividing by the orbital period. Instead, in order to avoid 27 factors all
over the place, we define the dimensionless time to be

t=t/\/GM/a3.

In the following we drop the tildes. The angular velocity is then unity, which
is quite handy.

We now adopt the coordinate transformation

E=xcost—ysint
n=uzsint+ycost », (5.39)
(=z

We need the second time derivatives of £ and 7, so we differentiate twice,

E=2acost—ysint —xsint —ycost

E=Fcost—jjsint — 2&sint — 2§ cost — xcost + ysint,

or just .
&= (Zcost— 2y —x)cost — (§) + 2% — y) sint.

For the 7 derivatives we have
ij = (Zcost — 2y — z)sint + (§) + 22 — y) cost.

We insert this into Eq. (5.38), order by cost and sin ¢, and note that the resulting equation can only be satisfied
when the coefficients in front of cost and sin ¢ vanish. Thus, this coordinate transformation leads to the following
system of equations

.. . r— T T — T2
— % — - —(1- _
T y—x ( :u) 3 Tg
.. . 1-
j+22z—y = - (_3,u + %) ( ) (5.41)
ST T
1=
i = —( 3'u+ﬁ3)z
1 T

which does no longer involve ¢ explicitly!
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We can now define a function U (an effective negative potential) by

1—
U=1@+y)+—t+ L
1 2
which allows us to write (5.41) in the form
T—2y= 6—U
y - ax ’
ou
P
y + €T 6y ?
.
0z
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(5.42)
(5.43)

(5.44)

Note that we are in a rotating frame of reference. Therefore —U is now the usual potential energy supplemented
by a potential for the so-called Coriolis force, %(wQ +y?2). Plots of the effective potential —U are given in Figs. 5.2

and 5.3.

The five Lagrange points must be where VU = 0, because then & = § = 2 = 0. Those points are also
called libration points, which is maybe best translated as equilibrium points. For the collinear solution we have

y =2z =0 and so
2 L—p ©

U=:zz“+ .
|1 —z|  |z2 — 2z

1
2

A plot of the effective potential, —U, is given in Fig. 5.4.

5.10.2 Lagrange points revisited

For the L; point we have the ordering > x; and x5 > z. Thus, we can resolve the modulus sign by writing;:

1-—
Rl R
r— I o — X

U=12+
At the Ly point we have OU/0x = 0, where

U 1-
_ b

— =z .
Ox (x—21)?  (z2—2x)2
We now want to introduce the distance ratio X = (z — z1)/(z2 — z). Because

(z—m1) — (22 —2) T2 — %1

Xo — X ro — T o — T

where can substitute

Ty — T = and z — 1,

1
X+1

B X
X417

Thus, the last two terms in the expression for U are readily expressed in terms of X. However, for the first

term, z, we remember that the centre of mass is located at the position

2o = (1 — p)xy + py =0,

because 1 = —p and 2 =1 — p. Thus

r=2—z.=[1-p)+pz—(1-pz—pz2 = (1 - p)(z—21) — p(z2 — ),

or
X 1

X+1 Px+1

z=1-p)
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With these preparations we write OU/0zx as

ou - X 1 (X +1)?
(e b e Rl e R Ch i

Multiplying by (X — 1)X?2 leads to
0=(1-pX%—pX2—(1-p)(X +1)>+pu(X +1)°X2

+ p(X +1)2

Which is a quintic equation:
(X5 4+3X4+3X3 4+ X2 - X3 - (1 —p)(X34+3X24+3X +1-X3%) =0,

or
w(X®+3X*+3X%) - (1 - p)(3X%+3X +1)=0.

This is just the same equation as (5.37) using m; = u, ma = 0, and m3z = 1 — pu. A quintic equation can be
solved by iteration. In this case it may be simpler, however, to calculate instead u for a number of different
values of X; see the table below.

X 12 I Io I T T

1 1/2 —1/2 1/2 1/2 1/2 1/2
2 1.545x 1071 —0.1545 0.5122 0.8455 0.6667 0.3333
5 1.665x 1072 —0.0166 0.8167 0.9834 0.8333 0.1667
10 2483 x10~% —0.0025 0.9066 0.9975 0.9091 0.0909
100 2.940 x 10=¢  0.0000 0.9901 1.0000 0.9901 0.0099
1000 2.994 x 102  0.0000 0.9990 1.0000 0.9990 0.0010

5.10 Stability of the libration points

The evolution of points in the three-body problem can easily be calculated numerically. In the lecture we have
seen the evolution of a system with two masses of fractional mass gy = 0.1 and g = 0.02 and a third body of
zero mass at one of the five libration points. For u = 0.1 the massless point at the L; point stayed in place for
about half an orbit and then ran away. For the L4 or Ls points it stayed in place much longer (about 5 orbits),
before it finally ran away. However, for 4 = 0.02 a point at L4 or Ly carried on for at least 20 orbits.

Whether a point stays in place or not is determined by the stability of the solution. To calculate the stability
it suffices to consider only small departures from the solution. We denote a particular solution by (zo, yo, 20)
and consider a slightly displaced point

(H}'O +£7y0 +77720 + C)

The evolution of the perturbation vector (&,7, () is well described by the linearised equations that are obtained
by Taylor expansion of the rhs of (5.42)—(5.44) about the solution (zg,yo0,20). The rhs of (5.42)—(5.44) is the
gradient of U, so the first nontrivial term in the Taylor expansion starts with second derivatives.

i+ 2¢ EUya + nUyy + (Uyz, (5.56)
C gUzz + nUzy + CUzza

o*U o*U
U.’l:w = (W>0 , Uwy = (8,’1}—6y>0 = Uyw, etc.

Note that these are just constant coefficients. Hence, eq. (5.56) is a system of ordinary differential equations
with constant coefficients, which is easy to solve. For simplicity we consider now the two-dimensional case in
the zy plane, ignoring thus the z direction. Then

£—2n
i+ 2€

where

Uy + nUzya }
5.57
EUyz +nUy,y. (5:57)
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We assume the solution to be of the form
§= 506MJ n= 7706”1
which turns the equations into a system of algebraic equations

)‘250 - 2)\7]0 = EOUZE + nOUzy; }
Nno + 208 = &oUsy + noUyy.

or
()‘2 —Uszz)éo — (2X + Uzy)770 =0, }
()‘2 - Uyy)UO — (=22 + Uwy)é.O =0.

We can now eliminate 7, for example. Thus, we multiply the first equation by (A\* — U,,), and substitute for
(A2 — Uyy)no the term (—2X + U,y )&o. This gives

[V = Usa) (A2 = Uyy) = (2A + Usy) (=22 + Usy )l = 0.

one possibility to satisfy this equation is that & = 0, but this “trivial” solution is of no interest. The other
possibility is that
()‘2 - Um)()‘z - Uyy) - 22+ Uwy)(_2)‘ + Uwy) =0

This is a quadratic equation for A2,

(A2 = N (Upy + Uyy — 4) + Uy U,y — U2, = 0. (5.59)

Ty —
Calculation of the coefficients

In order to calculate the coefficients Uy, Ugy, and Uy, we need to differentiate U twice. Recall

I—p  p
U=3@"+¢y" )+ —5 + 3
1 2

where
r} = (z —2:)* + 97,

assuming always z = 0. The z-positions of the two bodies is

We define
1—p »
r3 3’

T
1—
1 T3

A=

023[ 5“(1’0—1’1)4‘%(%0—1’2)],
Ty T2

and find that )
Uw$:1—A+3|: ;u($0—$1)2+ﬂ5($0—$2)2:|,
i T

Uy =1— A+ By,
Uzy = Cyo.

We can now apply this both to the straight line solutions as well as to the triangular solutions. We start with
the latter.
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Stability of the Ly and L; points

For the L,y and Ly points we have

yo_iF—i\[ +1V3

Ty =—p, xo=1—u,

and, or course,

SO we have

-
N[

To—T1 =3, To—T2=—

Finally we recall that for the triangular solution we have
rp=ry=1.

With this we can calculate
A=1—pu+pu=1

B=31-p+p =3
C=3[3(1-p) —5u=3(—n
Thus, we have
Upe =3/4, Uy =9/4, Uy =£3V3(1 - 2p).
which leads to the equation
/\4+/\2+zz7p(1—,u)=0,

with the solution

27

M2 =—3%/7—3nl—-p)

1
2
or

(A),=1 [1 +/1-27u(1 - ,,L)] .

In order that A? is real, we have to require that 1 — 27u(1 — u) > 0. Now, since u < 1/2, this means that
p < (1/2) —/(23/108) = 0.0385 (ie only the minus sign applies). Thus, for g < 0.0385 the characteristic values
A are negative, so the TrOJan points are stable. Otherwise they are not.

Example: for p = 1/11 = 0.09 we have (A\?); 2 = —0.5 £ 0.55¢, which gives
A2+ = +(0.35 £ 0.799), so, explicitly, the four solutions are

A+ = 0.35+40.79, Aoy =0.35—-0.79i, M- =—-0.35—-0.79, Xo_ = —0.35+@79:.

The important thing here is that there is at least one solution whose real part
is positive. In this case max(Re)) = 0.35. This means the perturbation will
grow exponentially in time with an e-folding time of 1/0.35 ~ 3.

Another example: p = 1/101 gives

A= —-0.07, M\ =-0.093,

SO
A+ = £0.274, Aoy = £0.964.

In this case there is no real part, so all four solutions are stable (or at least not
unstable).
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Stability of the L; point

For the points on the straight line solution we have

Upe =1+24, Uy=1-A, U, =0,

where 1
—H M
A= —
3 + 3
The characteristic equation is then
M4 @2-AN +(1+A4-24%)=0. (5.1)

The last term in this equation is always negative, ie 1+ A4 —2A42 < 0 (see figure 5.5), so there is always a positive
real part for one of the four solutions. This means instability.

Example: for g = 1/11 = 0.09 we have (A\?); = 11.3 and (\?); = —6.8, which
gives A1+ = +£3.4 and A2 = £2.6¢, so, explicitly, the four solutions are

Ay =34, Ay =260, M\_=-34, X =—26i.

Again, the important thing here is that there is at least one solution whose real
part is positive. In this case max(Re)) = 3.4. This means the perturbation
will grow exponentially in time with an e-folding time of 1/3.4 ~ 0.3. In other
words, the instability will show up approximately 10 times earlier than for the
L4 and Ls points!
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Figure 5.1:
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Location of the three particles.
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Figure 5.2: Level contours of the effective potential, —U, for the case with g = 0.1 in the z — y plane.
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Figure 5.3: Surface plot of the effective potential, —U, for the case with g = 0.1 in the z — y plane.
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Figure 5.4: Effective potential, —U, for two cases with g = 0.1 and g = 0.01.
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Figure 5.5: For given values of X (remember: X > 1 for p < 1) we can calculate a bunch of values of mu
(first panel). For those values we calculate then first r; (solid line) and 75 (dotted line), and then A, and finally
14+ A —2A42. We see that always 2— A < 0and 1+ A — 242 <0.



Chapter 11

Rocket Dynamics and Transfer Orbits

With the development of interplanetary space travel the theory of celestial mechanics has received increased
attention. No longer do we only want to understand existing orbits, we also want to manipulate orbits, get
around and go to other orbits. This is accomplished by firing rocket motors. That’s why we first discuss the
theory of rockets.

11.2 Motion of a Rocket

Fig. 11.1 illustrates the basic principle. The total momentum is conserved, so the sum of the changes of
momentum of the cannon ball, v dm, and the car, m dv, has to vanish, i.e.

mdv+vdm =0. (11.1)

This is really another way of saying that the total change of momentum vanishes, i.e. d(mv) = 0, because
d(mv) = mdv + vdm by the use of the chain rule. Here, m is the mass of the rockets, but this mass is of course
constantly decreasing if the rocket motor is on. In each time unit the mass of the rocket decreases by an amount
dm. In in a rocket the exhaust velocity v, is constant, we have

mdv + v, dm = 0.

or J
m
dv = —v,—,

m

v m d 1
m

/ dv' = —v, / —
vo mo m

where v' and m' denote integration variables. Thus we have

so integration leads to

v — vg = v In(mg/m). (11.2)

11.2.1 Motion of a Rocket in a Gravitational Field

Now the gravitational force leads to an acceleration, so the impulse is no longer conserved and we have

E(mv) =mg,

which leads to d
dv = —ve—m + gdt,
m

49
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which can be integrated to give
t
v =0 = vgIn(mo/m) + | g(¢)at" (11.2)
0

Here g is a function of time because g depends on height. In the case of the earth, g = GM/r? wherer = Rg+h
with R being the radius of the earth. Then,

t
h(t) = /0 o)t

which needs to be solved simultaneously.

11.3 Transfer Between Orbits in a Single Central Force

11.3.1 Transfer between circular, coplanar orbits

We use the change in the energy constant to calculate the energy necessary to transfer from one to another
orbit. The energy constant for a circular orbit is C' = —pu/(2a). Applied to the transfer from an orbit with
radius a; to an orbit with radius a» > a; gives

C, = _1 KB Cy = _1H

2 ’

ai as

SO 1 1
AC=Cy—Cr =2 (_ - _) . (11.14)

2 ai as

If the transfer is affected by an elliptic transfer orbit cotangential to both circular orbits, as shown in figure
11.2, then the operation requires two impulses, one at position A and another at position B, where the rocket
motor is fired in the opposite direction.

The energy constant of the elliptic transfer orbit, C'r, is given by

COr=-12, (11.15)

where ar is the ellipse’s semimajor axis. From figure 11.2 we see that

ar = 3(a1 + az) (11.16)
and therefore
Cr = — 14
T — .
ai + as

The required energy increment at A to place the vehicle into the correct transfer orbit is

AC =Cr—Cy =L (M) - (“2 _“1> ) (11.17)

2a1 as + a1 2a1 \as + a1

Similarly, the energy increment required at B to bring the vehicle from the transfer orbit to the outer circular
orbit is

14 as — ap
A = — = . 11.18
Cs G2 = Cr 2as (ag + a1> ( )

Those energy changes are due to changes in kinetic energy. Hence

ACy = %(’UA + A’UA)2 — %’Ui (11-19)

and
ACp = vy — L(vp — Avg)?, (11.20)
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where Avy and Avp are the changes in velocity at A and B respectively. Equating (11.17) and (11.19) gives

Hofa2—a1) _ 2 1,2
o () = o+ By = o

Since v4 = p/a1 we have

’

as — a 1/2
O e T

2a1 as + a1 ai a
or 12 T 1/2 .
" 2a9
Avg = —1]. 11.21
A ((h ) (az + a1 ) ( )
Similarly, equating (11.18) and (11.20) gives
12T 1/27
M 2&1
Avg = | — 1-— . 11.21
r (az) (a2+a1) ( )

To calculate the fuel consumption we can use (11.2), because we have ignored drag and gravity losses. For the

first impulse we have
Avg =v.1n (@) ,
ma

giving mg —m 4 (the mass of fuel used) as a function of Av,4, the exhaust velocity v, and the mass of the vehicle
before operation, mg. For the second impulse we have

Avp = v In (%> ,
mpB

giving ma —mp (the mass of fuel used) as a function of Avg, v, and m4. Combining Av4 and Avg gives the
total fuel expenditure
Av = Avg + Avg = v.In <m> .
mp

Fig. 11.3 shows two orbits of radii a; = 1 and as = 20 together with the corresponding elliptic transfer
orbit. For the first impulse the rocket has to produce a velocity increment of 0.767 AU/ yr (from the circular
velocity of 2 AU/ yr to the perihelion velocity of the transfer orbit of 2.76m AU/ yr). At aphelion of the transfer
ellipse it has to accelerate second time to produce a velocity increment of 0.317 AU/ yr (from 0.147 AU/ yr to
0.457 AU/ yr). Thus, the total velocity increment is 1.077 AU/ yr.

11.3.2 Parabolic transfer orbits
The velocity increment necessary to bring a body out of the solar system via a parabolic orbit is
Av = (V2 - 1),

where v, = \/p/a; is the circular velocity; see Eq. (4.81). There is a point where the elliptic transfer orbit
becomes as expensive as going onto the parabolic orbit. This is the case for large ratios

a2
q=—-
a1

Avg + Avg = (V2 — 1)1/%.
1

We now calculate the ratio, for which
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Inserting the expressions from above this equation leads to

2 2
14g¢

or

Multiplying by ,/q leads to

2 2
— 4+ (1—4/— ) =+/2q.
Wity ( V1+q) !
After some manipulations we arrive at the cubic equation
8¢° —33¢> +22¢—1=0,

which has a positive root at ¢ = 3.304. This suggests that for transfers to orbits further away than ~ 3.3 times
the original orbit the transfer via a single ellipse may not be the cheapest one. This is confirmed by the example
below.

The bi-elliptic transfer

The journey to a; = 20 AU via a single-elliptic transfer orbit may not necessarily be the cheapest one. A transfer
via a bi-elliptic orbit can in some cases be slightly cheaper. Consider a transfer from a; =1AU to as = 20AU
via az = 40 AU; see Fig 11.4.

We need three impulses. For the first impulse we bring the rocket to an orbit of 40 AU, i.e. we need to

accelerate from
2
LA . A
a ap +az\ a;

The corresponding velocities are given in Fig 11.4. For the second impulse we need to evaluate the velocities at
aphelion of the old and the new elliptic transfer orbits, which leads to the velocity increment

[ 2u ap R [ 2p as
a1 +asz\ as az+az\ as’

Finally, to get back onto a circular orbit, but now at az = 20 AU, we need the velocity increment

2
[2n fos .  [&
as +as\ as as
Summing up all those velocity increments we have a total velocity increment of 1.05 AU/ yr, just somewhat less
than for the single-elliptic transfer orbit.

This is just one example of how non-intuitive orbital dynamics can sometimes be. There are more examples,
but this is all we have time for.

11.4.5 The fly-past as a velocity amplifier

Assume a space craft is put onto a transfer ellipse from the Earth to Jupiter. When it arrives at Jupiter’s orbit

it is slower than Jupiter by an amount
2
A A S R o (11.96)
as a1 +az '\ az
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Inserting relevant numbers this amounts to V = 1.19 AU/ yr. Although we haven’t derived this expression, we
note that the Jovian sphere of influence has a radius given by

2

r= (%) " 1 ~ 0.32AU, (11.97)
where we have assumed m = 1.9 x 102" kg, M = 2.0 x 10%°kg, and a2 = 5.2AU. Here, m and M are the
masses of Jupiter and the Sun, respectively, and as is the semimajor axis of Jupiter’s orbit. Inside the sphere
of influence we can ignore the effects of the Sun. The space craft enters the sphere at speed V in the opposite
direction relative to the orbital motion of Jupiter. As viewed from inside Jupiter’s sphere of influence the space
craft appears to have come from infinity at that speed V. The space craft will therefore enter a hyperbolic orbit
around Jupiter. This also means that the space craft will exit Jupiter’s sphere of influence with the same speed
V, but only in another direction.

At first glance this may not appear to be of not much use, because we have learned that the value of the
semimajor axis does not change if the speed at some point is the same and just its direction different. This is
however not correct in this case, because all this happens relative to the motion of Jupiter. Now, suppose that
the encounter changes the trajectory of the space craft by nearly 180 degrees, then it will exit Jupiter’s sphere
of influence in the direction of the motion of Jupiter itself. This means that the speed of the space craft is now
the sum of V' and of Jupiter’s orbital speed. We shall see in a moment that this does indeed exceed the escape
velocity of the solar system at that distance from the Sun.

We now need to calculate the opening angle of the hyperbola. We do this by assuming that the space craft
if brought close enough to Jupiter that it will pass by with a perijove of r, which is comparable to Jupiter’s
radius ;. (We will however consider different values of 7, /r;.)

Remember, for a hyperbolic orbit the parameter p is equal to p = a(e? — 1) and therefore the distance at
perijove is equal to

We also have
b=ave?-1. (11.99)

The asymptotes of the hyperbolic encounter are given by
b
tan = " (11.100)

The opening angle is 21, and therefore the change in the trajectory 6 is given by 29 + 8 = 7, which means

1
6 =2tan ! ———. (11.100)
Ve2 -1

In the following table we have listed the resulting values of e and 6 for different values of r,/r;. Clearly, only
values of r, that are less that the radius of Jupiter’s sphere of influence make sense. Hence, values of rp/r;
larger than about 66 are no longer meaningful.
In order to calculate the value of the semimajor of the space craft’s orbit around Jupiter’s we use Eq. (4.37),
ie
123
a=————— =0.032AU 4.37
Cnsfr) — 7 437
where we put
pyg =Gm =GM (m/M) =pu(m/M) = 0.0375,

and r is the radius of Jupiter’s sphere of influence.

The idea is to bring the space craft as close as possible to Jupiter, without of course crashing into it’s surface.
So we assume that the perijove of the space craft, rp, is close to Jupiter’s radius, ry, or possibly a few times
ry. Now that we know a we can, for a given value of r,, calculate the eccentricity. We do this by using the
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equation for conical sections, applied to an angle f =0, so r, = p/(1 + e), using p = a (e? — 1) for a hyperbolic
orbit. Thus, we have r, = a(e? —1)/(1+€) =a(e—1), so

e=rp/a+1

For r, = r; = 0.000477 AU we have e = 1.015, which is very close to the value for a parabolic orbit.

We now want to calculate the change in the angle of the trajectory. Since the space craft is slower than
Jupiter itself, it approaches Jupiter from the front. If the eccentricity is very close to unity the opening angle of
the hyperbola, 21, would be close to 360 degrees, so the space craft would be tossed around Jupiter by almost
180 degrees, meaning that it would then be along the direction of Jupiter. For values of e different from unity
the angle 9 (half-opening angle) is given by Eq. (4.89), so

1
cosyp = ——.
e

The angle by which the trajectory of the space craft changes is § = m — 29, so

0 =2cos! (1) .
e

The table below gives the values of 8 for different values of r,/r;. Just for curiosity we have given the results for
up to rp/ry = 200, even though the space craft would then already be way out of Jupiter’s sphere of influence.
rp/Ty Tp e 0 [degree]

1 0.00048 1.015 160.2

2 0.00095 1.030 152.2

5 0.00238 1.075 136.9

10 0.00477 1.151 120.7

20 0.00954 1.301 100.5

50 0.02385 1.753 69.6

100 0.04770 2.506 47.0

200 0.09540 4.011 28.9
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Figure 11.1: TIllustration of how a car is accelerated by throwing cannon balls of mass dm and velocity v. This
leads to a change of momentum of the car by the amount mdv, where m is the mass of the car and dv the
increase in speed.
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Figure 11.2: Speed increase of a rocket as a function of the fuel consumption normalised to the mass of the
payload. In the second plot the scale on the abscissa is logarithmic.
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Figure 11.3: Elliptic transfer orbit
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Figure 11.4: Bi-elliptic transfer orbit



