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This part of the course is a continuation of MAS218. The main difference is that here we focus more
on mathematical aspects and on solving the equations of fluid dynamics (and magnetohydrodynamics).
We begin by reviewing the basic equations and summarising the units used and some important
physical quantities.

The present notes are still in a preliminary state. Some parts is covered more completely than

other parts, but this does not mean they are more important.

Units and physical constants

Throughout this course we adopt SI units. However, most common in astrophysics are actually
gaussian cgs units. In order to facilitate comparison with the literature we sometimes also give some

results in cgs units.

Table 1: Table of useful physical constants.

Quantity Symbol value units
Newton’s constant G 6.673 x 10~ mikg~ls?
Stefan-Boltzmann constant o 5.67 x 1078 kgs 3 K4
Universal gas constant R 8315 m?s2K™!
Speed of light c 3 x 108 ms~!
Induction constant 1o 4 x 1077 Gms’kg™!

In addition to SI units we also use sometimes units that are appropriate in astrophysical context.
For example distances in the solar system and in protostellar discs are often measured in astronomical
units (1 AU is the average distance between the sun and the earth). On galactic scales one often
measures distances in parsec or in kiloparsec. (The distance between the sun and the centre of the
Milky Way is approximately 10kpc.) Time is sometimes convenient to measure in years, and mass is

sometimes expressed in units of solar masses (Mg).

Table 2: Some useful units used in astrophysics and the corresponding conversion into SI units.

1AU = 15x10"m
Ipc = 31x10%m
IMy; = 20x10%kg
lyr = 32x107s

IMyr = 108yr

1Mm = 10°m




Please email any typos or questions/suggestions to: Axel.Brandenburg@Newcastle.ac.uk.






Chapter 1

Introduction

Basic equations of fluid dynamics

There are two important equations and will be used throughout this course: the continuity equation

and the momentum equation. We write them in the form

Op

E+V-(pv) =0, (1.1)

and 5 .
v
JE— - = —— — @ 1.2
8t+v Vo pr Vo -+ f, (1.2)

respectively. Here, p and v are density and velocity, respectively. The other quantities are pressure p,
gravity (or any other) potential ®, and external body force (per unit mass) f, such as viscous force

and Lorentz force. The gravitational potential is

= —GTM, (1.3)

where M is the central mass, GG is the gravitational constant, and r is the distance from the centre of
mass (centre of the sun in the solar wind problem that we are going to consider first).

There are other ways of writing the basic equations, for example in ‘conservative form’ or using
the lagrangian derivative, but we’ll come to that later.

Equations (1.1) and (1.2) need to be supplemented by an equation of state to determine the pressure
in terms of density and temperature T or entropy density s. In the majority of cases, however, we
assume that the gas is polytropic, p = p(p), and often we assume that it is isothermal, i.e. p = cgp. In
that case eq. (1.2) takes the form

0
—v—l-'u-sz—c2

Inp—-V® 1.4

There is a number of other important physical effects that would lead to additional forces in this

equation. We mention here two examples, magnetic fields and rotation. For deeper explanations and
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6 CHAPTER 1. INTRODUCTION

derivations we refer to the relevant chapters. Magnetic fields lead to the Lorentz force,
Fror =J x B/p, (1.5)

where B is the magnetic field and J the current density. Another example is overall rotation, which
leads to the Coriolis force,
Foor = —2Q X v, (1.6)

where () is the angular velocity and points in the direction normal to the rotation plane. For example,

if the rotation axis is in the z-direction, i.e. £ = (0,0,Q)”, we have

0 Vg +2Quv,
Feor = 0 X | vy | = 20, |. (1.7)
-2 Uy 0

In the case of magnetic fields, the field itself satisfies an evolution equation,

B
%—t =V x (v x B) +V?B, (1.8)

where the magnetic diffusivity 7 is assumed to be constant. This equation follows from the Maxwell’s

equations and Ohm’s law.

Text books

Some useful text books include:

Choudhuri, A. R. 1998 The Physics of Fluids and Plasmas. Cambridge University Press.

Shore, S. N. 1992 An introduction to astrophysical hydrodynamics. Academic Press.

Shu, F. H. 1992 The physics of astrophysics. Vol. II. Gas dynamics. University Science Books,
Sausalito, California.

Zeilik, M. 1994 Astronomy: the evolving universe. John Wiley & Sons.

The book by Zeilik has many pictures and explains things qualitatively (there are hardly any for-
mulae), but is otherwise not directly relevant to this course. The book by Shore is more mathematical
and interesting to read. It has many misprints however. Finally, the book by Shu covers things in

much more detail and is generally very good.



Chapter 2

Winds and outflows

Astrophysical flows are usually highly compressible. There are some specific effects resulting from
that, one of which concerns the formation of winds and other types of outflows. The general principle
of how a flow can attain supersonic speeds in a smooth manner (without going through a shock) can
best be explained with the example of the Laval nozzle that is used in all rocket motors where the
exhaust velocity can be 2000...3000 m/ s, which is up to ten times the speed of sound.

We follow here the book by Shore, Chapter 8, p 257. We summarise what’s written there, and add
some details that help to understand the problem. We begin this section by first discussing the general
issue of how a flow can be made supersonic. We then apply this to winds and outflows from stars
and discs and mention other circumstances where this formalism can be used. A rather important
application is jets, i.e. outflows from accretion discs that become highly collimated. The collimation
is probably due to the magnetic field, but this is very much an open research topic at the moment.
The highly relativistic version of the wind problem is relevant for understanding outflows from active

galactic nuclei (AGNs) and the gamma-ray burst (GRB) phenomenon.

2.1 The analogy with the Laval nozzle

We are used to think that the flow through a pipe is becoming faster when the cross-section becomes
smaller (garden hose experiment!). However, this is only true when the fluid is incompressible. That’s
often not a good approximation in astrophysics. The following problem illustrates this.

In a steady state the mass flux through a pipe is conserved, ie
pvzS = const. (2.1)

Here, S = S(z) is the cross-section, v, (x) the streamwise velocity and p(x) the density. This equation
follows from integrating the equation V - (pv) = 0 over the surface of a pipe that becomes narrower,
and by applying Gauss’ divergence theorem; see figure 2.1.

Indeed, if p is constant, (2.1) shows that a larger cross-sectional area S implies a smaller speed v,.
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8 CHAPTER 2. WINDS AND OUTFLOWS

But what if p actually decreases? In the following we will see an example where supersonic speeds
can be achieved by decreasing density and increasing the cross-sectional area in a suitable manner.
The velocity is obtained by solving the steady, one-dimensional, isothermal momentum equation

without any extra forces,

dv dlnp
’Umd—; = e (2.2)
We now use eq. (2.1), differentiate logarithmically, i.e.
1 du, d dlnp dlnjvy] dlnS
= -z =1 = 2.
0 pugS dz (pveS) dx n(pveS) dz + dz + dz ’ (23)
so we have 4 dinfo,|  dInS
np n |v, n
=— - . 2.4
dz dz dz (24)
Using that in eq. (2.2) yields
dvy 9 ( dIn |vg| dlnS)
= 2 - - . 2.
e % dz dz (2:5)
We move the first term on the rhs to the left and on the left we write
dv dIn |vg]
vzd—; =02 i z. (2.6)
This yields the equation
dIn |v, dl
(2 — 23l _ pdInS (2.7)

dz S odx
where S(z) is the cross-sectional area of the nozzle, which is a known function of z. To obtain v, (z)

we can integrate
dln|vg|  5dInS/dz
=c
dz S22’

(2.8)

but in order for the solution to be regular when |vy| = ¢; we have to require that the nominator
vanishes at the same point. Thus, the critical point is where S(z) has a minimum, because then
dln S/dx = 0, which must be where v; = ¢;. Define pv,S = M and integrate to obtain an implicit
equation for v(z):

2~y —ElnS=E~ImM=¢. (2.9)

This is just the usual Bernoulli equation that we have encountered elsewhere. We can now determine
5érit

1.2 _ 2
5C5 — Cs In Spin.

by applying the known values of r and v, at the critical. For ¢ = M = 1 we find &

crit —

2.2 The isothermal wind problem

We now consider the steady, isothermal wind problem. We adopt spherical polar coordinates, (7,8, ¢),
but assume spherical symmetry in this case, so /90 = 3/3¢ = 0. The continuity and Euler equations

are then
1d

() =0, (2.10)
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dv, o,dlnp GM
’UTE = Cg dr - 7 (211)
These equations can be brought into the form
2
(v2 — cf)dh;"’”l _ 2 GM (2.12)
r

r r2

There is a critical point r, where the flow becomes transonic. At that point the left hand side and the

right hand side of the equation must vanish simultaneously, ie

22 GM
This yields for the value of the critical point
GM
Ty = (2.14)
2¢2

Assuming c; = 100km/ s, and using G =~ 7x 10~ m3s 2kg™!, M = 2x10% kg, 1AU = 1.5 x 10" m,
we have 7, =~ 0.05 AU.

s1 S2
VXl VX2
rhol rho2

Figure 2.1: In the steady case we have V : pv = 0. Using Gauss’ divergence theorem it follows that
§ pv -dS = 0. The two surfaces, S; and S, are the only places where the v - dS # 0.

The steady wind problem is characterised by two integrals of motions:

GM
w2+ c2Inp — =¢, (2.15)
T
M = 4772 puy, (2.16)
see Eq. (9) in Shore’s book. From this we get
GM
22— clnv, —2clInr — — =¢' (2.17)
r

where & = £ — ¢2In(M /4x). (Note that the C in Shore’s book changes its meaning all the time).
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Figure 2.2: Cross-sectional area of a laval nozzle. If the flow is able to reach the sound speed at the

point of minimal cross-section, it must go supersonic behind that point.

To find the energy for the critical solution we assume a critical radius ry, so ¢ = \/GM/2r.. At

r = r, we have v = ¢;. This yields £ for the critical solution that goes through the critical point:

GM
it = %cg —ZIne; — 22 Inr, — (2.18)
Ty
We may find the solution through iteration:
Vpew = /2 (& + ¢ 1nw) (2.19)

where &, = &' +2c¢2Inr, +GM/r, is introduced for convenience. As usual, we can get another solution

from the inverse iteration formula

Unew = €XP (%02 - Er) (2.20)

For &' < &

crit

by iterating eq. (2.20). The critical solution, as well as two more solutions are shown in figure 2.3.

the upper solutions are obtained from eq. (2.19) whilst the lower solutions are obtained

Another possibility of obtaining a graphical representation of the possible wind solutions is to do
a contour plot of £ as a function of r and v,; see figure 2.4.

Note that the iteration process always yields that solution that has a minimum or a maximum at
r = r,. To get the physically sensible solution one needs to reconnect the right branches by hand,

This is done in figure 2.5, where we have plotted the critical solution together with the density profile.

2.3 The time-dependent wind problem

It is illuminating to consider the time-dependent problem. For example, one may wonder what happens

when one were to increase the density or the velocity at the bottom. The governing equations are

Olnp 81np_2vr Ovy

ot " or T or

(2.21)
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&'=—-0.076713
,,,,,,,,,,,,,,,,,,, &'=—-0.7
,,,,,,, &'=—-0.3

0 2 - 6 8 10

Figure 2.3: The critical wind solution, together with two other solutions for different values of &’.

Here we use r, = 1, GM =1, and so cf = 0.5.

ov, _ ov, _0281np _ GM

ot Ur or 5 Or r2 -

(2.22)

Since the flow comes from the inner boundary at r = ry we have to specify boundary conditions at
r = r9. Video animations of numerical experiments show that specifying the value of v, at the lower
boundary is inconsistent. The solution has a strong desire to come back to the steady solution discussed
above. On the other hand, the density on the lower boundary may well be specified arbitrarily. The

solution has then just another value of M.

The solution can actually be reversed and then we have the problem of spherically symmetric

accretion (Bondi accretion). This is the reason why one should always write In |v,|.
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2.0

1.5

0.5—

0.0L.

Figure 2.4: Contour plot of £’. The contour levels are equidistant in steps of 0.2, symmetrically about
the critical value £ = —0.576713. Again, r, = 1, GM =1, and so ¢ = 0.5.

The trick is to write the equations in the form (v — c2)dIn |v,|/dz = something. This
something then tells us where the critical point is. Once we know that, we plug that back
into the integrated momentum equations to obtain an implicit equation for v, that goes

through the critical point.

2.4 Roche-lobe overflow

There are many semi-detached binary stars where mass flows from the secondary to the primary.
Somewhere between the two stars there is the L point, which is an equilibrium point where the forces
from both stars and the centrifugal force all balance (see the box). Near that point the gravitational
potential ® can be approximated by

P = @y — 1 Poa?, (2.23)
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Figure 2.5: Critical solution for v and p (assuming M = 4).

where z is the coordinate in the direction from the secondary to the primary; see figure 2.6. A
derivation is given in the Appendix.
Assume that the Coriolis force can be neglected, and that the flow across the point z = 0 can be

described by the stationary, the isothermal, one-dimensional fluid equations take the form

d
@(pvw) =0, (2.24)
dv, odlnp d@®
i _2 2.2
e “ 4z dz (2:25)
where ¢; = const is the speed of sound.
We rewrite the continuity equation in the form
dlnp dln |v,]
= — 2.2
dz dz ’ (2:26)
plug this into the momentum equation
dv, odlnp d@®
— = — - 2.2
T % dz dz’ (2:27)
d dl
and use vz% =02 E:L%l to obtain
dIn |vg] do
2 2 z _ _d®
(IUJI CS) d.T de ? (228)
or dl
(v2 — cg)ﬂ ~ —2®y(z — zp, ). (2.29)

dzx
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—2.0

0.0

Figure 2.6: The Roche potential for a binary with masses M; = 1My and My = 0.3M. The primary
is located at x = 0 and the secondary at £ = 1. The dotted line gives the Taylor expansion used in

the present analysis.

This shows that the flow becomes supersonic at the Ly point. This is therefore automatically also the

critical point. To find an implicit algebraic equation for v, we integrate once and use pv, = const = M
102 — lnfvy| — 18922 =& —2InM — 3y = €&, (2.30)

where £ and £’ are integration constants. At the critical point we have

i = %cg —Zlnc,. (2.31)

We don’t know the values of ¢, and M. For the purpose of the following discussion let’s assume
¢ = M = 1. This gives &

it = 1/2 —2.5 = —2. In the following plot we give the graph of the
critical solution and compare with solutions for £’ = —1 (dotted line) and £’ = —3 (dashed line). For
&' < &, there are no solutions at the L; point, so this will not be a physical solution. For & > &/,

the solution never goes through the sonic point either and stays all the time supersonic or subsonic.
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Figure 2.7: Solutions for the Roche lobe overflow.
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We now proceed and rewrite eq. (2.30) by substituting the integration constant using eq. (2.31),

i.e.

1,2

1.2
2z

2 1.2 _ 2
—c;In|vg| — 522" = 5¢; — ¢ Inc;.

or

%(vg — cg) — cf In(|vg|/cs) — %(I’ng =0.

This implicit equation can be solved using the approximation

In(|vg|/cs) = (Jva/cs) — 1
near the critical point, (|vz|/cs) = 1. We thus obtain a quadratic equation,

%(vi — cg) — csl|vg| + cg — %@2;32 =0,

or
v2 — 2¢s|vg| + ¢ — Poz? = 0.

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)
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There are two solutions to this quadratic equation,

val1,2 = cs £1/¢f — § + Daa?, (2.37)

or
|’Uz|1,2 = Cg + vV (I)Q.’II. (2.38)
Near the critical point the pressure gradient is given by
dp dv do
2 T
-+ _ A Tl 2.39
“dz p<v$dx +dm)’ (2:39)
or q
2dp _
Cqy — P (cs\/é @2) , (2.40)
or, because |z| < 1,
d
c?é ~ —pcsy/ Do. (2.41)

Assuming that ®5 = 25572 and ¢; = 10km/s, the value of the acceleration, —cgdln p/dz, at the
critical point is around 50kms~2 = 5 x 10*ms~2. The acceleration GM/R? of a single star with
M =2 x 10®* kg at distance R = 10" m is around

GM  6.67x 107" m3kg™'s7? x 2x 10%%kg
R 1014 m?

which is about 30 times larger than acceleration from the pressure gradient at the critical point.

=1.4 x 10°ms™, (2.42)

2.5 What drives the wind? The need for a nonstatic corona

The following consideration illustrates that there cannot be a static solar corona. In the solar corona
heat is transported via conduction (as opposed to radiation or convection). In the corona (Spitzer-

type) heat conduction is important, so the conductivity K satisfies

TN\ 5/2
K = K, (ﬁ) . (2.43)

The heat flux is then given by
F=_—KVT. (2.44)

In order to have a steady state (vanishing divergence of the heat flux, i.e. V - F = 0) we have to
require that the temperature satisfies
A\ 27
=T, (—) , (2.45)
To
where Tj is the temperature at the base of the corona at r = ro. This is significantly shallower than
the temperature for a polytropic stratification, which would imply a r~! behaviour with

1\ u GM
Thory = (1 - ;> Loty (2.46)
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Assuming a perfect gas, i.e. p = RTp one can show that

T r\ 7
P = poexp {;?00 [(a) - 1] } . (2.47)

Here pq is the pressure at the base of the corona and Hj is the scale height of the pressure, i.e. the
distance over which the pressure changes by a factor of e. The problem with this expression is that

at infinity, r — 0o, the pressure remains finite,

o ] . (2.48)

p(00) = po exp [_E

In fact, for the sun Hj is comparable with the solar radius, ro, and so p(c0) is just somewhat smaller
than pg, which is definitely quite unrealistic. For a correct solution the pressure must become compa-
rable with the interstellar pressure, which is orders of magnitude smaller than the pressure near the

sun. This inconsistency leads then to the idea of a nonstatic corona with an outflow.
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Chapter 3
Energy conservation and shocks

In the previous chapter we have seen that a flow can go smoothly from subsonic to supersonic. In the
majority of cases, however, this happens more violently and a shock usually forms somewhere in the
flow. A shock is a discontinuity in the fluid dynamical variables. In a shock kinetic energy is converted
into thermal energy such that the total energy is conserved. (This is different however in radiative

shocks, where the energy is radiated away.) To proceed we first need to derive the energy equation.

3.1 Derivation of the energy equation
The first law of thermodynamics states that
TdS =dE + pdV, (3.1)

where T' is the temperature, S the entropy, E the internal energy, p the pressure and V the volume.

For later reference we mention here that 7'dS can also be expressed as
TdS =dH — Vdp, (3.2)

where H is enthalpy. This expression can be important when rewriting the pressure gradient term
in the momentum equation. In fluid dynamic we measure those quantities with respect to some unit
mass. Thus, we have

Tds = de + pdv, (3.3)

where s is the specific entropy per unit mass, e is the specific internal energy per unit mass, and v is the
specific volume per unit mass (not to be confused with the velocity). For a perfect gas the temperature
is related to e via e = ¢, T, where ¢, is the specific heat for constant volume. The specific volume per
unit mass is just the ordinary fluid density, so v = 1/p. Since dv = d(p~!) = —p~2dp = —p~'dInp
we have

Tds = de — %dlnp. (3.4)

19



20 CHAPTER 3. ENERGY CONSERVATION AND SHOCKS

In the following we shall always work with the density and never with the specific volume. Hence,
from now on, v shall always refer to velocity. In fluid dynamics we are interested in the total time

derivative, so we have
Ds De pDlnp

T—=——= .
Dt Dt p Dt (3:5)
Now, from the continuity equation we have
dp dp Dp
0 - . —_ . . = — . 3-6
8t+v (pv) 8t+v Vpo+pV - v Dt+pV v, (3.6)
or, dividing by p,
Dlnp_ g4 (3.7)
Dt ' '

Using this in (3.5) yields

In an adiabatic fluid the specific entropy is constant, ie Ds/Dt = 0. Hence, the evolution of e is
given by

DD—j = —%V ‘v, (3.9)

This equation shows that if there is a compression, then V - v < 0 and so e increases. This effect is

known as compressional heat. Conversely, if there is an expansion then V - v > 0 and e decreases.

This effect is utilised in every fridge.

3.2 Sound waves

Shocks may occur in situations where the velocity is supersonic. This is typically when the Mach
number, Ma = |v|/cs, exceeds unity. Shocks can form when the amplitude of sound waves becomes
comparable to the sound speed, so that the Mach number becomes of order unity. Since the sound
speed is proportional to the temperature, this may occur when the gas cools, or when the wave reaches
a region where the temperature is low.

In the previous chapter on winds we have seen, however, that the formation of a shock is not
compulsory and that smooth transonic transitions are quite possible. Conversely, a shock may also
occur under subsonic conditions if one just waits long enough for a shock wave to pile up.

In the linear regime, ie Ma < 1, the nonlinear terms v - V can be neglected and the governing

equations are then, in 1 dimension,

Olnp 0vg
- _ 1
ot Oox (3:10)
Ovy  50Inp (3.11)

ot % o
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Differentiating the second equation in time and substituting the first one for Inp yields the wave

equation, , \
aa;“” = ci%, (3.12)
which permits solutions of the form
Inp = Ma cos k(z F cst), (3.13)
vy = tesMa cos k(x F ¢st), (3.14)

where the upper and lower signs correspond to forward and backward propagating waves, respectively.
(Here we have ignored the possibility of an arbitrary phase shift.)

3.3 Fluid equations in conservative form

In one dimension the ideal fluid equations can be written in conservative as form

op 0
—_— _— = .].
0 0
5 (pvz) + e (pv2 +p) =0, (3.16)
9.1 o . 1 9
27 2PV - Vz(5PV = 0. :
at( pv +pe)+8x[v (5pvs +pe+p)] =0 (3.17)

where e is the internal energy density per unit mass, and the other variables have their usual meaning.

3.4 Shocks

In a frame of reference comoving with the shock the shock is stationary. Therefore 0/0t = 0 and so

the terms under the z-derivatives in the equations (3.15)-(3.17) are constant, i.e.

pvg = const = J, (3.18)
pv2 +p = const = I, (3.19)
(pvz) (%vg +e+p/p) = const = J E, (3.20)
We assume a perfect gas with

p=(y—1)pe (3.21)

and substitute )
e:_l_?’ and e+1—7=LE. (3.22)

y=1p p v—1p

This allows us rewrite the quantities that are constant across the shock in the form
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We now eliminate p and p to derive a quadratic equation for the velocity. Dividing (3.24) by p
gives
R

We now eliminate p/p using (3.25), so we have

2 y—1 1,2 I
vi+ — (E —3v5) = —. 3.27
z v ( 2 w) P ( )

Finally, we get rid of p using (3.23), which gives p~! = v, /J, so we have

v—1 I
v2 + - (E — %vg) ~ U = 0, (3.28)
which is a quadratic equation for v,, which we write as
v—1 1 v—1
Since . .
17— _ y+1 (3.30)
2y 2y
we have, after multiplying by 2v/(vy + 1),
2y I v—1
2
- 2——FE =0. 3.31
R B + v+1 (3:31)

Remembering that the quadratic equation can be written in the form (v — v1)(v — v3) = v — (v; +

v9) + v1v9 = 0, were v; and vy are the two solutions, we get an expression for vy + vo,

2y I

= —— .32
v1 + 2 Tt1J (3.32)

Note also that
I 1

=14 —,
Jvg yMa?

(3.33)

where Ma = v/c is the Mach number and ¢? = yp/p is the square of the adiabatic sound speed. We

now assume that Ma — oo on the upstream side of the shock. This means that

1

—=1 3.34
o= 1 (3.34)
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or v1 = I/J. Substituting this for I/J in (3.32) we have

2
7 1, (335)

v+ U2 = 1

or

— — v
v+1 7y+1 ' 7+1
The mass ratio on the two sides of the shock is then by (3.23) given by

- 1
vy = ( i 1)'0 :wv -7 1- (3.36)

p2_v1_ytl

= . 3.37
pr w2 y-—1 (3.57)
For v = 5/3 we have
p2 5+3 8
P _ 279 _2_y. 3.38
P1 5—3 2 ( )
For smaller values of -y, for example v = 7/5, we have
12
p2r_TH5 _12_ ¢ (3.39)

P1 7—5 2

Generalisation to arbitrary shock strength

The assumption of arbitrarily strong shocks was not necessary. All we need to know is all the quantities

on one side of the shock. We use eq. (3.33) as it is (without assuming Ma — o0) in eq. (3.32) and

obtain 5 )
y
v+ v = —— 1+—>v, 3.40
e ’y+1( yMa? ! (340)
SO 5
) 2 P
= = 1+ )—1 3.41
V1 ’Y+1< p1ov3 (3.41)
Example: suppose v1 =5, py = p; =1 and 7 = 5/3, then
V9 2x5( 1) 5 26 113 13
= = 1+—=)-1=-—=-1=-"—-1=—-1=0.3 3.42
vy 843 +25 4 25 25 10 ’ (342)

so v = 5% 0.3 = 1.5 = 3/2. From continuity we have ps = pyv1 /vy = 5/1.5 = 10/3 =~ 3.33. Finally,

for the pressure we

p1v7 + p1 = pavi + pa, (3.43)
SO 5
10 /3 15 52 — 15 37

With this we can now also work out the entropies on the 2 sides of the shock. In the upstream

(unshocked) part we have for the entropy in units of ¢,

1
s1/cp = 5 Inp; —Inp; =0, (3.45)
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Figure 3.1: Relative velocity, density, pressure and entropy behind the shock. The dotted line refers

to the polytropic case where the entropy cannot increase behind the shock.

because p;1 = p1 =1 and In1 = 0. On the downstream side the shocked material has so = 0.55.
The results are plotted in figure 3.1 for different values of the Mach number.
For polytropic equations of state, with p = Kp', the energy equation is no longer used, so there

are only the following two conserved quantities,

J=pv, I=p?+K)p. (3.46)

The dependence of velocity, density, pressure, and entropy jumps on the upstream Mach number is
plotted in figure ?? for the case v = 5/3 and compared with the polytropic case using I' = . Note
that in this case the density jump can be arbitrarily strong and is no longer limited by the ratio 4

found for v = 5/3. This is however really just an artefact.



Chapter 4
Dimensional Analysis

Dimensional analysis can sometimes be a useful means for understanding the underlying physics.
The main difficulties with this approach are twofold. Firstly, it is not always easy to identify the
few quantities that govern some physical process. Secondly, there could be some nondimensional
parameter that may not be close to unity. In that case one gets the right scaling, but quantitatively
the result may be off by a few orders of magnitude. In the following we consider a few examples where

dimensional analysis works alright: blast waves and various types of turbulence.

4.1 Blast waves

Blast waves are shocks that result from a point-like explosion. Those shocks typically form an expand-
ing spherical shell. In astrophysics such blast waves result from supernova explosions, for example.
However, a great deal of theoretical progress has been made in the 40ties when people tried to under-
stand nuclear bombs.

The idea is this. Say we want to calculate the radius of the shell R at any given time ¢, so we want
to know R = R(t). We assume that the solution depends on the total energy E that is liberated during
the explosion and on the density p of the ambient medium. Those few assumptions alone suffice to

generate a nontrivial expression for the solution R = R(t). We make the assumption of a powerlaw,
R(t) = aE*p%t°, (4.1)

where « is a nondimensional constant that we suppose to be of order unity. The values of a, b, and

¢ are solely determined by matching the dimensions on both sides of this equation. The dimensions

(indicated by square brackets) of the various quantities are

[R] = m, (4.2)
[E] = kgm?s™2 (4.3)
[p] = kgm ™3 (4.4)
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[t] = st (4.5)
Thus, the dimensions on both sides of eq. (4.17) are
m' = kg?m?*s 29 kg® m 3¢, (4.6)

To match the dimensions on both sides of the equation we have

for the dimension of m: 1 = 2a — 3b, (4.7)
for the dimension of s: 0= —2a + c. (4.8)
for the dimension of kg: 0 =a+b. (4.9)

Thus, b= —a and 1 = 2a + 3b = 5a, so a = 1/5 and therefore b = —1/5 and ¢ = 2a = 2/5. Thus the

final expression for R(t) takes the form
R(t) = aEY5p=1/542/5, (4.10)

We can check this formula by plugging in values for the supernova explosion in the Crab nebula in
the year 1054. We adopt the typical value of E = 10°' erg which, because it is in cgs units, has to be

converted into SI units. Let’s do that now:

2 102m\
10°! erg = 10° g (E) —10° x 103 kg ( P —10° x 107" kgm?s~2 = 104 kg m?s~2.
S
(4.11)
We may assume p = 102! kg/ m?. For ¢ = 10 yr this leads to
R~ 10"/°10%"/%(3 x 10'°$)?° m ~ 10%/° m = 10'"m = 3pc (4.12)

(Remember that 1pc ~ 3 x 10'%m.) This is in excellent agreement with the observed radius of the

ejecta which is now roughly 3 pc.!

4.2 Blast waves in 2-D

The dimension of p is kg m~3, so therefore the dimension of ¥ = [ pdz is kg m~2. Assume that the
radius R(t) of the blast wave is governed by the energy, E, deliberated during the explosion and the

surface density, 3, of the surrounding medium. Let’s make a power law ansatz of the form

R(t) = aE*%bt°, (4.13)

'For numerical adaptive mesh calculations of supernova remnants (SNRs) see Dorfi (1998, in LeVeque et al., Compu-
tational Astrophysics, Springer). For applications of SNRs to driving interstellar turbulence see M. Korpi et al. (1999,
ApJ 514, 1.99). A very nice calculation of the relativistic blast wave problem, which is relevant to the fireball in gamma
ray bursters, see S. Kobayashi, T. Piran, & R. Sari (1999, ApJ 513, 669)
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where « is a dimensionless coefficient. In order that this equation is valid dimensionally, we have to

require that the dimensions on both sides are the same. The dimensions of the various quantities are
[Rl=m, [E]=kgm?s? [Y)=kgm2 [t]=s. (4.14)

This yields on the two sides of (4.13)
m! = kg m29 520 kg® m~2 ¢°, (4.15)

To balance the power of cm on the sides we have to require 1 = 2a — 2b. Furthermore, to get the
power of g right we have to require that 0 = a + b. Finally, to get the dimension of s right we have
0 = —2a + ¢. This is a system of 3 linear equations for a, b and ¢. From the first two equations we
have b = —a, so 1 = 2a + 2a = 4a, ie a = 1/4. Therefore, b = —1/4 and ¢ = 1/2, so (4.13) takes the
form

R(t) = aE'/*n~1/41/2, (4.16)

Such blast waves could play a role if the flow is constrained for example by rotation of by magnetic
fields to be two-dimensional. In principle such an analysis could also be done for one-dimensional
blasts.

4.3 Three-dimensional turbulence

In three-dimensional turbulence the flux of energy, €, is constant and independent of wavenumber
k. Using dimensional arguments one can find the energy spectrum E(k) by noting that the energy
spectrum is normalised such that [;° E(k) dk = 3(u?) and that E(k) depends only € and k. Thus, we

write

E(k) = C €k, (4.17)

where C' is a dimensionless constant, and ¢ and b are exponents that are determined by matching the

dimensions on both sides of the equation. The dimensions (indicated by square brackets) of E(k), e,

and k are
[E(k)] = m3s™? (4.18)
[€] = m?s73 (4.19)
[k] = m™! (4.20)

Thus, the dimensions on both sides of eq. (4.17) are
mis 2= m?s3m P (4.21)

To match the dimensions on both sides of the equation we have

for the dimension of m: 3 = 2a — b, (4.22)
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for the dimension of s: —2 = —3a. (4.23)

Thus, a =2/3 and b = 2a — 3 =4/3 — 3 = —5/3, so the spectrum is given by

E(k) = C &3k7%/3, (4.24)

4.4 Two-dimensional turbulence

In two-dimensional turbulence the rate of enstrophy injection, § = % (w?), is constant and independent
of wavenumber k. Using dimensional arguments one can find the energy spectrum FE(k) by noting
that the energy spectrum is normalised such that [;° E(k) dk = 3(u?) and that E(k) depends only f3
and k. Thus, we write

E(k) = C Bk, (4.25)

where C' is a dimensionless constant, and a¢ and b are exponents that are determined by matching the

dimensions on both sides of the equation. The dimensions (indicated by square brackets) of E(k), 3,

and k are
[E(k)] = m3s2 (4.26)
(8] =s7° (4.27)
[k] = m™ (4.28)

m?s™? = s m0 (4.29)
To match the dimensions on both sides of the equation we have
for the dimension of m: 3 = —b, (4.30)

for the dimension of s: —2 = —3a. (4.31)

Thus, b= —3 and a = 2/3, so the spectrum is given by

E(k) = C 823k 3, (4.32)

4.5 Hydromagnetic turbulence

Using dimensional arguments one can find the energy spectrum E(k) for hydromagnetic turbulence,
by assuming that the energy transfer is governed by the geometric mean of the Alfvén speed and the

energy transfer rate e. Thus, we assume the spectrum to be of the form

E(k) = C (vae)?k®, (4.33)
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where C is a dimensionless constant, v4 is the Alfvén speed, ¢ (with dimension m?s~3) the energy

injection rate, and k the wavenumber. The dimensions (indicated by square brackets) of E(k), va, €,

and k are
[B(k)] = m®s? (4.34)
[v4] = ms™! (4.35)
[€] = m2s73 (4.36)
[k] = m™! (4.37)

Thus, the dimensions on both sides of eq. (4.33) are
m3s~2 — Mg m20 g3 ;b (4.38)
To match the dimensions on both sides of the equation we have
for the dimension of m: 3 = 3a — b, (4.39)
for the dimension of s: —2 = —4a. (4.40)
Thus, a =1/2 and so b =3a — 3 = 3/2 — 3 = —3/2, so the spectrum is given by
BE(k) = C (v4€)?k73/2, (4.41)

A final comment is here in order. Although the k3/2 scaling has been verified in two-dimensional

numerical simulations, there is now mounting evidence in favour of the more conventional k~5/3 scaling

even in the magnetic case.’

2See recent paper by Biskamp & Miiller 1999, Phys. Plasmas 7, 4889
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Chapter 5

Magnetic Fields

The evolution of the magnetic field is governed by Maxwell’s equations and by “material” equations,
such as Ohm’s law. In Maxwell’'s equations the Faraday displacement current is neglected, which is
valid if either the relevant velocities in the problem are nonrelativistic (much smaller than the speed
of light), or if the conductivity of the medium is so poor that there are no (ordinary) currents and
only the displacement current balancing the V x B term in Faraday’s equation. The latter leads to
radio waves, for example. Both limiting cases are not considered in this course, although they may be

of interest in some extreme astrophysical cases (near black holes or in the big bang).

5.1 The induction equation

The magnetic field, B, is governed by the equations

OB

e E = 1
5 TV x 0, (5.1)
J =V x B/puy, (5.2)
E=—vx B, (5.3)

where FE is the electric field, J the current density, v the velocity, and pg the permeability. The field
always satisfies V - B, but if this is satisfied by the initial condition, the evolution equation (5.1) will
satisfy this automatically, because the divergence of a curl vanishes.

Substituting now E from eq. (5.3) into (5.1) yields the induction equation

‘98—? =V x (v x B). (5.4)

In many cases there is also resistivity, which can be important, but for now this will be ignored.

However it is sometimes useful to rewrite the induction term using the identity
Vx(vxB)=—-v-B+B-Vv+vV-B—-BV -v. (5.5)

31
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Here, the term vV - B vanishes, because V - B vanishes. Thus, the induction equation can be written
in the form

0B

W+U-B:B-VU—BV-1). (5.6)

5.2 The momentum equation

The momentum equation is supplemented by an extra term, the Lorentz force J x B, which then
takes the form
ov 1 1
—4+v:-Vo=—-Vp+-JxB+., (5.7)
ot p p
where the dots refer to other possible terms (friction, Coriolis force, etc.) The Lorentz force can also
be written in the form

1 B?
JxB:%(B-V)B—V<%>. (5.8)

The first term is commonly called the tension force, because it gives the derivative of the magnetic

field in the direction of the magnetic field.

5.3 The magnetic energy equation

By dotting eq. (5.1) with ualB we obtain

0 ( B? 1
—|— |+ —B -VXE=0. 5.9
ot <2M0> Ko (5:9)

Noting that V - (E x B) = €;;;0;(E;By) we can write, using the product rule,

V- (ExB)=B-VxE-E-VxB. (5.10)
[Remember that €;;, = €j1; = —¢€;ix.] Using this relation we find that

0 ( B? ExB

— | = +V-< >+J-E:0. 5.11

ot (2”0) Ko ( )

Writing J - E = J - v X B = ¢;;;J;v; By, we obtain the energy equation in the form

o [ B?
a<%>+v

or, as an evolution equation for the magnetic energy density, B?/2ug, we have

o [ B? E x B
&(%)Z_v( m >—v-(J><B). (5.13)

E x B
< o )+v-(JxB):0, (5.12)

The last term is important, because it give the work done against the Lorentz force. If we write down

the corresponding equation for the kinetic energy, that is obtained by dotting the momentum equation
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with pv, we obtain the term +v - (J X B) on the rhs of that equation. In the equation for the sum of
kinetic and magnetic energies this term then cancels. That means that this term describes the transfer
of energy between kinetic and magnetic energy reservoirs. In many cases v - (J X B) is negative, i.e.
work is done against the Lorentz force and can lead to an increase of magnetic energy. This is the

case in astrophysical dynamos. Again a hot research topic.

5.4 Hydromagnetic equations in conservative form

It is possible to write the magnetohydrodynamic (MHD) equations in conservative form, i.e. in the

form 3
E(something) + V - (some corresponding flux) = 0. (5.14)
In the case of the MHD equations the momentum and energy equations can be written in the form
9 (o) + 2 [ viv; + 6 +i(B-B-—15--BZ)] 0 (5.15)
atpz 8.’17j PU;V; ijP 10 iDj 5044 =Y, .
2(lpz;2+pe-l-iB2)-|-V-[’u(lpv2+,oe-|-p)-|—E><B]:0 (5.16)
ot ? 210 2 ’ '

Here we have used the continuity, momentum and energy equations together with the induction
equation. The induction equation, 9B /0t = V x (u x B), is readily written in conservative by just
expanding the coefficients, so

0B; 0

— (u;B; —u;B;) =0, 1

where the magnetic diffusivity is ignored.

In a sense those equations in conservative form are more fundamental than the momentum and
energy equations that we have used so far, because if there are extra terms, for example in the
continuity equation due to chemical reactions for example, this may yield additional terms in the
momentum equation, but the equations in conservative form remain unchanged, unless those reactions

lead to momentum injection.

5.5 One-dimensional MHD shocks

In one dimension the conservation equations can be integrated provided we are in the frame of reference

comoving with the shock. We assume B, = const and B, = 0, so we have

pvy = J (5.18)
1
2 2 2\ _

1y2 4 % % —E (5.20)
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vyBy = M (5.21)

where J, I, E, and M are integration constants. From this one can derive jump conditions very similar
to those without fields. One ends up with a cubic equation (or a quartic equation in the more general
case where a velocity component in the direction of the shock is allowed for). The different solutions
correspond to different MHD wave types (slow and fast magnetosonic and Alfvén), but not always all
those different types are possible, which is when the upstream velocity would be smaller than any of
the other wave speeds. In the following we discuss those various wave types, although we won’t go

into this very interesting field of MHD shocks to any greater detail.



Chapter 6

Alfvén and magnetosonic waves

In this chapter we demonstrate the technique of linearising the MHD equations, which can then be
used to study phenomena of small amplitude. This applies mainly to waves (provided they are of small
amplitude), but it also applies to weak perturbations that can in some systems grow exponentially
and would eventually no longer be small. In that case such an analysis can establish the possibility of

an instability.

6.1 Linearising the MHD equations

We now consider the isothermal MHD equations in the form

ov

B? 1
Por +pv-Vo=—-cVp-V (—) + —(B-V)B. (6.1)

210 Ko

Whenever we linearise, we have to linearise about something, which must be a solution to the equations.
Those solutions may well be complicated, but then we won’t be able to do the analysis so easily on
the blackboard. Therefore we now go for simple solutions. One solution is where the magnetic field
is constant and uniform, i.e. B = By, and where the density is also constant, i.e. p = pgy, but the
velocity is zero, i.e. v = vy = 0. In that case the terms on the lhs of eq. (6.1) vanish. The terms on
the rhs of eq. (6.1) also vanish because because py and By are uniform. So we do have a solution now.

We now proceed by linearising term by term, i.e. we write

p=po+p, (6.2)
v=vy+v =7, (6.3)
B=B+B'. (6.4)
The first term in (6.1) then becomes
ov N OV’ o', ov
- — = pp— . 6.5
pgp =0t p) =0t P (6.5)

35
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Here the second term is quadratic in the perturbations. Since those perturbations are small, then
something small squared will be even smaller and will hence be neglected. The advection term is
already nonlinear in the perturbations, because there is no zero-order term, so it vanishes altogether.

Next, the pressure gradient term is linear already, so we have
Vo=V, (6.6)

because py is constant. For the magnetic pressure gradient we have

B? B, - B’
v (—) =V ( 0 ) + quadratic terms, (6.7)
210 o
because
B?=(By+B')- (By+ B')= B3 +2B,- B' + B”?, (6.8)

of which only the second term survives. The first one is constant and gives no contribution under the
gradient, and the last term is quadratic in the perturbations. Finally, the magnetic stretching term

gives simply
1

1
p (B-V)B = M_(BO - V)B' + quadratic terms. (6.9)
0 0

Thus, our linearised momentum equation takes the form

!

v —civp’—v(

+—(By-V)B. (6.10)

Ho

BO-B’> 1
Po ot

Ho
You can imagine that with a little bit of experience one can write down those equations
straight away. We do this now with the remaining equations, the induction and continuity
equations, looking at equations (5.6) and (1.1),

0B’
ot

= B(] 'V’UI—B()V"UI. (611)

/
%—’; +pV-v' =0, (6.12)

Next, we go through some examples of various degrees of interest.

6.2 Alfvén waves in the presence of a vertical magnetic field

We assume that all variables can be decomposed into plane waves in the form

!
x

vl = fyeth Tt (6.13)

!

,Uy — ezk-w—zwt

>

v , (6.14)
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!

ik-x—iwt
2 e

v, =0, )

B eik-:cfiwt
x

!
B, ,
1 _ B ik-z—iwt
B, = Bye ,
1 H ik-z—iwt
B, = B,e ,

1 A ik-r—iwt
p = pe )

which allows us to derive a set of algebraic equations. For the velocity components we have

2
. B . B
iy = —ikgpSE — kg B0 ik, By
Po HopPo Hopo
o .2 . By .~ DBo
—iwdy = —ikyp—> — ikyB,—— + ik, By——
Po HopPo HopPo
2
—iwd, = —ik,p=
0

where the last two magnetic terms have cancelled. The continuity equation is
—iwp = —tkzpoliy — tkypoly — ik, pot,
The magnetic equations are now for the form
—iwB, = +ik, Byl
—iwB, = +ik, By,
—iwB, = —iky By, — ik, Boily

where, again, the ik, terms have cancelled in the last equation.

It is now convenient to write those equations in matrix form

—iw 0 0 zkm% — ik, Do 0 ik BN /g,
0 —iw 0 zky;—g 0 —ik, B ik, B By
0 0 —iw ikzg—g 0 0 0 U
1kzpo ikypo  tkypo —iw 0 0 0 p
—ik,By 0 0 0 —iw 0 0 B,
0  —ik,By O 0 0 —iw 0 B,
ikgBy  ikyBy 0 0 0 0 it B,

S O O O o o O

(6.15)
(6.16)
(6.17)
(6.18)

(6.19)

(6.20)

(6.21)

(6.22)

(6.23)

(6.24)

(6.25)

(6.26)

(6.27)

We won’t consider this rather large system of equations at this point. Instead we want to observe

what happens when we assume that the system is one-dimensional. Hence, we ignore the z and y
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components of the wave vector, so our matrix becomes

—iw 0 0 0 —ik, oo 0 0 T 0
0 —iw 0 0 0 —ik, o8- 0 By 0
0 0 —iw ik, % 0 0 0 o, 0

0 0 ikypo —iw 0 0 0 p =10 (6.28)
—ik,By 0 0 0 —iw 0 0 B, 0
0 —ik,By 0 0 0 —iw 0 B, 0
0 0 0 0 0 0 —iw/) \ B, 0

We notice that the last equation disappears altogether. We notice further that the third and fourth
equations decouple from the remaining four equations. In order to have non-trivial solutions (where
the hatted variables themselves don’t vanish), we have to require that the determinant of the matrix
vanishes. Because the matrix decouples into two matrices, M7 and My, we have to require that either
det M7 = 0 or det My = 0, where

. . B,
—tw 0 _“‘“zu_o,% 0 N )
0 —iw 0 —ik, =20 —iw ik,
M, = ' . % o po . My=| Z'po (6.29)
—1k, By 0 —iw 0 itkypg —iw
0 —ik, By 0 —iw
There are two separate dispersion relations. From det Ms = 0 we have
w? = k2. (6.30)
The resulting dispersion relation from det My = 0 is
wt — 204 K%w? + vkt = 0. (6.31)

2

This is a biquadratic equation, or a quadratic equation in w*. However, in this case it can also be

written as
(w? —v3k%)? =0, (6.32)

which simply means that there are Alfvén waves were either the x or the y components of the field

are involved.

6.3 One-dimensional Alfvén waves revisited

Given that in one dimension the Alfv’en waves simplify significantly we begin all over again, focusing
attention immediately on the essential points. The linearised, pressureless, ideal MHD equations in
one dimension, in the presence of a vertical magnetic field, are
BU:IE . BO 8B£c
ot popo 0z

(6.33)
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0B, vl

Differentiating the first equation in time and inserting the second equation for dB. /0t yields a wave

equation, similar to the equation describing sound waves. In the more complicated situations described

below it turns out to be easier however to take the solution to be in the form

vf, = byee T, (6.35)
B! = Betkrivt (6.36)
which allows us to derive a set of two algebraic equations,
B A
—iwby — 206, = ——ikBy, (6.37)
PoHo
—iwBy = Byikdy. (6.38)
It is convenient to write those equations in matrix form
0
. .1 B, ~
—jw  —ik “020 'UAﬂlc _ 0 (6.39)
—ikBy —iw B, 0
0
For a nontrivial solution the determinant of the governing matrix has to vanish
—iw  —ik-20 B}
det M = det ( , Kopo ) = —w?4+ L2 =, (6.40)
—1k By —iw HopPo
This leads to the dispersion relation w = w(k) with
w = Fuuk, (6.41)

where v4 is the Alfvén speed with v% = B3/(pouo)-

Unlike sound waves, where the restoring force is the pressure gradient, for Alfvén waves the restor-
ing force is the magnetic field. Another important difference is the fact that now the field has only
components perpendicular to the direction of propagation. Here the direction of propagation is z, but
B has only a nonvanishing component in the z direction. For sound waves, on the other hand, the

velocity has only a component in the direction of propagation.

6.3.1 The effects of rotation

We now assume that we are in a rotating system of reference, where the rotation axis is the z axis,
which is also the direction of the applied magnetic field, so € = (0,0, ) and so the Coriolis force (per

unit mass) is
0 Vg +2Qv,

Foor = —2Q xv = 0 X | vy | =] -2, |. (6.42)
—2Q v, 0
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Adding this term to the equations causes immediately some coupling to the y components of both the

velocity and the magnetic field. The linearised, pressureless, ideal MHD equations in one dimension,

in the presence of rotation, are then

8_1); — 20! = Bo 08B,
ot Y popo 0z
! !
% + ZQ’U, — ﬂ%
ot “ popo 0z’
0B. v,

— By =
ot 075z

! !
3By — Bo%-

ot oz

As usual, we assume the solution to be of the form

U, — ﬁxeikz_i“Jt
T ’

’Ul = 4§ eilcz—iwt
y = Uy ’

I D ikz—iwt
B! = B,e ,
I _ P ikz—iwt
B, = Bye :

which allows us to derive a set of algebraic equations.

B N
—iwi, — 208, = ——ikB,,
POMO

B R
—iwby + 206, = ——ikB,,
Poto
—iwBy = Byiky,
—iwB, = Byikd,.
It is convenient to write those equations in matrix form

—iw =20  —ik-Be 0

HopPo
20 —iw 0 —ik “fgo
—ikBy 0 —iw 0
0 —ikBy 0 —iw

For a nontrivial solution the determinant of the governing matrix has to vanish

—iw 20 —ikD
2Q —iw 0
det M = det ] )
—1k By 0 —iw

0 —ik By 0

—jk-Bo

S O O O

(6.43)

(6.44)

(6.45)

(6.46)

(6.47)

(6.48)
(6.49)
(6.50)

(6.51)

(6.52)

(6.53)
(6.54)

(6.55)

(6.56)
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To calculate the determinant we split it into sub-determinants:

—iw 0 —ikLe 20 0 —ik-Be
100 Hopo
det M = —iwdet 0 —w 0 +2Qdet | —ikBy —iw 0
—ikBy 0 —iw 0 0 —g;
5 20 —iw —ik
—ik—2det | _ikB, 0 2 (657
Hopo
0 —ikBy —iw

Determinants of 3 x 3 matrices are easy to calculate, so

det M = —iw l(—iw)?’ — (—iw) (—kQB—(%) +2Q [2Q(—z'w)2]

Hopo
., Bo 2 BS . N2
—ik —k*——(—1ikBy) — (—iw)“(—1kBp) | - 6.58
Mopol uopo( 0) — (—iw)”(—ikBo) (6.58)
Thus,
B? B? B}
det M = —w? l—w2 + k2—°] — 4020 — K?—% l—zﬁ—o + wQ] , (6.59)
Kopo Hopo Hopo
or
det M = w* — W2 k%% — 49%W% + (K%0%)? — k*v%W?, (6.60)

where v% = B2/(popo) is the square of the Alfvén speed. Setting the determinant to zero leads to the
dispersion relation

wh — w? (205K +49%) + vk = 0. (6.61)
This is a biquadratic equation, or a quadratic equation in w?.

6.3.2 The effects of rotation and shear

The linearised, pressureless, ideal MHD equations in one dimension, in the presence of rotation and

shear with a vertical magnetic field, are

LA %HGBZ;, (6.62)
Xy 4 o, - %? (6.63)
aa‘? _ 038_“2'1, (6.64)
% - 5, 2% _s0m., (6.65)
We assume the solution to be of the form
vl = DpethrTit (6.66)
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vy, = By ket (6.67)
B! = Betkrivt (6.68)
B} = Bye't= 1, (6.69)
which allows us to derive a set of algebraic equations.
B A
—iwby, — 206, = ——ikBy, (6.70)
PoMO
B A
—iwdy + 108, = ——ikB,, (6.71)
PoHo
—iwB, = Byiki,, (6.72)
—iwB, = Byikiy — 3QB,. (6.73)
It is convenient to write those equations in matrix form
. .7 B N
—lzw —-2Q _Zku_ogE OB Vg 0
382 —iw 0 —zku—o% 1iy _ 0 (6.74)
—ik By 0 —iw 0 B, 0
0 —ikBy 30 —iw B, 0
For a nontrivial solution the determinant of the governing matrix has to vanish
—iw 20 —ik 0
1 . .1 B
=Q —iw 0 —ik-=0
det M = det 2 , Hopo (6.75)
—1k By 0 —iw 0
0 —ikBy 30 —iw
To calculate the determinant we split it into sub-determinants:
B
—iw 0 —ik—— 9 0 —ikBe
. 1400 : : HoPo
det M = —iwdet 0 —iw 0 +2Qdet | —ikBy —iw 0
—ikBy 30  —iw 0 30  —iw
B
5 0 —iw -k
—ik—2det | _kB, 0 5. (6.76)
Hopo i
0 —1k By —iw

Determinants of 3 x 3 matrices are easy to calculate, so

B} B}
det M = —iw [(—iw)3 - (—iw) (—kz—())] +2Q [%Q(—iw)z - kz—O%Q]
Hopo Hopo

. BO 2 Bg . . \2 .
—ik —k (—ikBy) — (—iw)“(—ikBy) | - (6.77)
Hopo Hopo
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Thus,
B? B? B? B?
det M = —w” |—w® + K*°—2 | +2Q | —$Qw® — kZ—O%Q] — 22 [—kQ O +w?,  (6.78)
10P0 10P0 10P0 H0p0
or
det M = w* — W2k%0? — Q%w? — 30%k%0% + (K%0%)? — K?v)w?, (6.79)

where v4 = B2/(1opo) is the square of the Alfvén speed. Setting the determinant to zero leads to the
A 0/ \Hop

dispersion relation

wt — w? (205K + Q%) + 04k (vEE? — 302) = 0. (6.80)

This is a biquadratic equation, or a quadratic equation in w?. There are two solutions for w?, w? and

w3, say. We can therefore write the dispersion relation in the form
(w® = wi) (w* —w}) =0, (6.81)

or
wt — wH(w? + wd) + Wik = 0. (6.82)

Comparing with eq. (6.80) we see that one of the two solutions is negative, i.e. w?w3 < 0 when
kv < 3Q°% (6.83)

In that case w is plus or minus an imaginary number. Since the solution is proportional to e~** that

means that the solution behaves like

e—iwt _ ot Imw)|t (6.84)

The solution for which the upper sign applies grows fastest. We thus say that the solution is unstable.
Eventually the magnitude of the velocity and magnetic field perturbations will be so large that the
linearised equations are no longer valid.

Note that we were able to draw conclusions about stability and instability even though we did
not actually solve the dispersion relation. This happens quite often, especially with higher order

polynomials. But in the present case an explicitly solution can easily be written down. It is

Wiy = ViKY 4+ 107 £\ /103 k202 1 L0t (6.85)

We see that the presence of shear has a destabilising effect on the slow magnetosonic waves. This
instability is also known as Balbus-Hawley instability and it has great relevance for causing turbulence

in accretion discs.
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Figure 6.1: Dispersion relation for slow magnetosonic and Alfven waves. Solid lines denote Alfven

2

waves. For them w” is always positive. Dashed lines refer to slow magnetosonic waves. For not too

large values of k they can become unstable (w? < 0, so w becomes imaginary!).

6.3.3 Eigenfunction for the Balbus-Hawley instability

A simple way to get the eigenfunction of the Balbus-Hawley instability, of in fact of any linear eigen-
value problem, is to use the original equations starting with the most simple one. The simplest one is

eq. (6.72), because it involves just 2 terms. We may choose the coefficient in front of ¥, to one, so

by =1 (6.86)
Using eq. (6.72) it follows that
A ik
By = -2 B, (6.87)
iw

Next we use eq. (6.70) to find v,

by = oo 50 (6.88)
or 2 2 1.2
. wt—vik

By = gt (6.89)

Finally, we need to calculate By, but we have two equations still unused, (6.71) and (6.73). We use

first eq. (6.71) to obtain
. —iwdy + 2O
B,=—2Y_2"7°pR 6.90
Y Zk’l)i 0 ( )
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or, using the above results,
2_ 2 2 1
s _ —(s) +39
B, = B 6.91
Y ikvi 0 ( )
S0 2,272 2
~ w” — vk —Q
B, =ikB A 6.92
y = D0 2Qk%v% (6.92)
Finally, we can use the last equation, (6.73) to check everything, so we plug in the results obtained so
far. We have
—iwB, = Byikiy, — 3QB,. (6.93)
50 2 2 k}2 QQ 2 2 1.2 k
w” —v — w* —v5k 1
—iw(ikB A = Byik — A" — 30 (——B). 6.94
iw(ikBo) 20202 O i T (6.94)
We cancel ik By on both sides, and multiply by ‘w, so
2 _ 212 _ Q2 2,272
2 W~ Uak LI oAR” 3Q. (6.95)
2Qk2v% 2Q
Multiplying by 2Qk?v% yields
w? (w? — vk — Q) = (w? — VEED K%Y + 3Q0%K%0%. (6.96)
which gives the old biquadratic equation,
wt — w? (203K — O?) + (k%] — 3Q%)k%v] = 0, (6.97)
so everything seems to have gone alright. Anyway, the eigenfunction is therefore
Uy 1
P w27v‘24k2
Y 2Qiw
. = - 6.98
B, —-% B, (6.98)
~ i UJZ—’UZ k2_02
B ikBo —5g7,2

Y

6.4 Nonaxisymmetric Balbus-Hawley instability

Due to shear, one expects a strong toroidal magnetic field in accretion discs. In that case ... By =
(07 BOa 0)7 Y
Oy —0; 0 by
JxBy=By-Vb—-V(By-b) =By(0,b—Vby) =By | 0 0 0 by (6.99)
0 -0, 0y b,
(6.100)

O 0 0 Uy
VX(uXB()):B()-Vu—B()V'u:BO —8;5 0 —32 Uy
0o o9, O U,
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0
V x Uy xb)=-Upy-Vb+b-VUy=—-Szd,b+5 | b
0

(6.101)

In the general nonaxisymmetric case we can solve the problem by letting k, be time-dependent, ie

ky = kg (t), with
kg (t) = kz(0) + ¢Q2t.

(6.102)

In that case the solutions are of the form g = ¢(t) exp[ik(t) - ], and we are left with a system of

ordinary differential equations,

dg o
hi: SUNET (P
a — 1
with the matrix
0 20 0 ik, —ike(t) 0
—2-¢)2 0 0 0 0 0
. R 0 0 0 0 —ik k
A=_ii(t) = , e My
ik, 0 0 0 0
—ikg(t) 0 —ik, —q9Q 0 0
0 0 ik, 0 0

(6.103)

(6.104)

being explicitly time-dependent. Note that in the absence of shear, ¢ = 0, the matrix A is antihermi-

tian, ie Aj; = —Aj;. This means that
6
Z ¢;Aijq; is purely imaginary

=1

If either ¢ = 0 or k; = 0, we have the dispersion relation —w?D(w, k) = 0 with
D =w' —w*(K* + &, + %) + k> + &2 (k; + k2).
In the general case, however, if one ignores the time dependence of k;(t), one has

iwD + (w® — k7)) qQzky = 0.

6.5 Magnetosonic waves

We now consider the linearised MHD equations in vector notation,

A

Ba - ik - .
o B + ik BOB,
HopPo Hopo

—iwd = —ik(c2/po)p — ik

—iwp = —ik - D,

—iwB = (ik - By)b — (ik - ©) By.

(6.105)

(6.106)

(6.107)

(6.108)

(6.109)

(6.110)
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We multiply eq. (6.108) by —iw and substitute for —iwp and —iwB using Egs. (6.109) and (6.110), so

—w?% = —ik(c? /po)(—ik-f))—ui—lzo [(ik - Bo)(s - Bo) — (ik - 9) B} |+

ik - By
Hopo

[(ik - Bo)® — (ik - 9) By,
(6.111)

(K3 — w?)b = +k [~(k - 9)(c2 +v}) + (k- Bo)(® - Bo)v}| + Bo(k - Bo)(k-o)v3.  (6.112)

We now assume that the wave vector points in the z direction and that the magnetic field vector lies

in the £ — y plane, i.e.

cos
k=|0|, By=|siny | B, (6.113)
0 0
Therefore,
¥ - By = By (0pcostp + Oy siney), k- Bg = kBolgcostp, k-0 =ki,. (6.114)

With this the z component of the right hand side vanishes, but because 9, does not generally vanish
we have k%v%4 — w? = 0, which gives already two possible solutions:

w = tkvy. (6.115)
For the remaining two components we have to satisfy the z and y components separately, i.e.
(K*v% — w?)b, = +K> [—ﬁw(cg + %) + cos (D cos 1 + By singp) vi] + cos (1 cos ) vk*vy. (6.116)

(k*v% — w?)dy = +sintp(k - Bo)(k - 9)v4. (6.117)

This is a system of two algebraic equations. Written in matrix form we have, ..., which leads to the
dispersion relation.... We note that there are altogether three wave types, slow and fast magnetosonic
waves and Alfvén waves. The frequency depends on the values of k, the angle between the wave vector
k and the magnetic field By, and of course the values of the sound speed and the Alfén speed. The
dependence of the frequency as a function of the angle between k and B is shown in figure 6.2 for

different values of ¢; and v4.
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Figure 6.2: Dispersion relation for Alfven waves. Solid lines denote the fast magnetosonic waves,

dashed lines Alfvén waves, and dotted lines slow magnetosonic waves.



Chapter 7
Jeans instability

The Jeans instability is important for all processes involving the formation of massive localised bodies
from a much more uniform background medium such as the interstellar medium, out of which stars
have formed, the solar nebula, out of which planets have formed, and the intergalactic space, out of
which galaxies have formed. All these processes operate on different scales and they often occur to
some extend after each other, eg first the solar nebula and then the planets. Regarding the formation
of galaxies and their (active) galactic nuclei it is still uncertain whether galaxies formed first, and then
the stars within galaxies, or whether some massive stars may have formed prior to the first galaxies.
A motivation for this latter possibility is that many active galactic nuclei (and Hubble space telescope
observations strongly suggest that almost every single galaxy may have undergone an AGN stage at
some early point in its evolution!) have high metallicities, and metals can only be generated during

SN explosions.

7.1 Jeans instability without rotation

In this chapter we have to include selfgravity, ie the gravity resulting from a given density distribution.

The gravity potential ® is given by the Poisson equation,
V2® = 4nGp (7.1)

where G ~ 7x 10~ m®kg~!s~2 is Newton’s gravitational constant. Although this equation is linear,

there is actually a slight problem applying this to the case of a uniform background medium, because

this would imply a potential that is diverging at infinity. This problem can be removed by considering

a slowly varying background within which we will investigate the evolution of small amplitude waves.
The linearised continuity, Euler, and Poisson equations are then of the form

8 /
B—Z = —poV' (7.2)
! 2
88—’; = —;—SVpI v (7.3)
0

49
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Ve = 4nGp' (7.4)

where primes indicate small perturbations about a (quasi-) uniform basic state, indicated by subscript
0. We rewrite those equations in terms of their Fourier transforms, g, v, and QA>, assuming that all

primed quantities are proportional to exp(ik - € — iwt). Thus, we have

—iwp = —ikvpy (7.5)
c? 4
—iwd = —ik 2 p — ikd (7.6)
Po
—k%® = 47Gp (7.7)

We eliminate first ©, so we multiply the first equation by iw,

w?p = ikpo (—iwd) (7.8)
and get, using the second equation,
c? -
w?p =ikpy | —ik =p—ik® |, (7.9)
Po
or
w?p = K*2p + k23 py. (7.10)

Using now the third equation to eliminate <$ we have
w?p = k*2p — AnGpop (7.11)

or

(w2 — k%3 + 47er0) p. (7.12)

So, unless p = 0, which would be the trivial case, we have to have
w? = k22 — 4nGpy. (7.13)
Contrast this with the dispersion relation for ordinary sound waves,
w? = k%*c2, (ordinary sound waves) (7.14)

we notice that the significance of the second term is that it would destabilise those sound waves,
provided
4nGpy > k%c?  (for instability). (7.15)
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This could be the case either if the density is high or if the wave length of the perturbation is long.

To calculate the critical wave length A we write

27 2mes wel

AI‘i = = = .
T ke V/A7Gpo Gpo

(7.16)

As an example, for the typical density of the interstellar medium, p = 2 x 102! kgm~3, and for
cs = 10km/s = 10* ms we have Aeriy = 5 x 101 m = 1.6 kpc. This is larger than the typical size of
interstellar clouds. In reality clouds are compressed first by the turbulence, so they become denser, cool
faster and so more realistic values are p = 107! kgm ™2 and ¢; = 1km/s or less, so the corresponding

size of the instability is then around 20 pc or less.

7.2 Jeans instability with rotation

In the presence of rotation one has to take the Coriolis force into account. The Euler equations takes

then the following form
ov

1
B Y Vo=—-Vp-20xv—Vd 1
8t+v v P D X v , (7.17)

where © = (0,0,9Q) is the rotation vector and 2 is the (constant) rotation rate. Find the dispersion

2 —const. Hint: write done the

relation w = w(k) assuming an isothermal equation of state, ie p/p = ¢
equations for all 3 components of v and the other 2 variables in matrix form (5 x 5 matrix!) and find
where the determinant is zero.

The linearised, Fourier transformed equations in matrix form are

Mi;jq; =0 (7.18)
where
—iw  ikgpo tkypo ikzpo 0 p
ikgec?/po  —iw =20 0 ik D
M;; = | iky®/po 20 —iw 0 dky |, g=|17y|. (7.19)
ik.c®/po O 0 —iw ik, il
4nG 0 0 0 k2 d

To find nontrivial solutions the determinant of M;; has to vanish. The determinant is given by
k™2 det M = w* — W?(Pk® 4 497 — 47Gpy) + 49%K2(Pk? — 4nGpy) /K* = 0 (7.20)

This is a quadratic equation in w?. In the figure below we plot w? in units of w3 = 47Gpy as a function
of k? for different values of Q2. Note that the stability criterion is not changed, but instead a new

(horizontal) branch appears which is independent of k.
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40°/wi=0 40°/wi=1

2
0

w°/w

< 3 4 5 O 1 2 3 4 5
c*k?/w, c*k®/w,

Figure 7.1: Dispersion relation. Solid and dotted lines refer to positive and negative signs in front of
the square root of the solution.

7.3 Jeans instability in a disc

Consider the linearised continuity, Fuler, and Poisson equations in the form

T —po Vv (7.21)
ov' c?
==V -Vv¥ 7.22
oy 2 VP (7.22)
Vo' = 4nGyp' (7.23)

where primes indicate small perturbations about a uniform basic state, indicated by subscript 0. We
rewrite those equations in terms of their Fourier transforms, g, ¥, and 3, assuming that all primed
quantities are proportional to exp(ik - € — iwt). We eliminate ¢ and d to get the dispersion relation
in the form w?(k?).

Give a sketch of the dispersion relation. For which wave vectors is the medium unstable? Determine
the maximum wavelength of a stable disturbance when py = 1072*g/cm?, ¢; = 1km/s. (Note that
G~T7x108cm?®s2g™! and 1pc~ 3 x 10'8cm.)

Consider the case of a thin disc with p'(z,y,2) = ¥'(z,y)d(z), where ¥/(z,y) is the perturbation
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of the vertically integrated density. Show that ®' has the form
®' = dexp(ik -« — |k|z — iwt),
where k = (k;, k,) and & = &(k,, k,). Show that the Poisson equation yields
—|k|® = 27G3:
and that the final dispersion relation becomes

w? = 2k? — 2rG%y K.

53

(7.24)

(7.25)

(7.26)
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Chapter 8
Atmospheric waves

Before we come to the general case, we first consider one-dimensional sound waves without entropy
perturbations. This means that we ignore Brunt-Vaisala oscillations. The main thing that we shall

learn here is that it is important to bring the equations into a form such that it has constant coefficients.

8.1 Sound waves in a stratified atmosphere

In the presence of gravity there is density stratification which affects sounds waves if their wave length
becomes comparable to the density scale height. The one-dimensional continuity and momentum
equations for an isothermal atmosphere with constant speed of sound, c¢,, no entropy perturbations,

and uniform gravity, g, can be written in the form

ov, 0v, 5 0p _
Py TPy, tem +pg=0, (8.1)
op ap ov,
5 +Uzaz—l—paz =0, (8.2)

where p is density and v, vertical velocity. With the exception of the pg term in eq. (8.1), these
equations are same as those used in §3.2 for ordinary sound waves. The hydrostatic equilibrium
solution of these equations is v, = 7, = 0 and p = p(z) = poe */H, where py is a constant and
H = c2/g is the vertical scale height. By writing p = p + p’ and v, = v/, one can linearise equations

(8.1) and (8.2) with respect to v, = v, and p’ about the solution v, = 0 and p = p(z). This yields

o' op'
p 8Utz + cg—pz +p'g =0, (8.3)
op' dp _ov
E‘F’U;a—l-pa; :O, (84)
We may assume that v, = v}, and p’ take the form
v;(z, t) _ ,ﬁzeikz—iwt—f—z/ZH' (85)
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p,(Z,t) — pAeikz—iwt—z/2H, (86)

The linearised equations can then be written as

—iw [ik + (2H) Y] pov) [0
([ik — (2H)71)c? —iw > ( p ) - <0> (8.7)

The dispersion relation is then given by
w? = wi + k22, (8.8)

where we have introduced the acoustic cutoff frequency wy = ¢;/2H. Figure 8.1 shows a plot of the

dispersion relation.

5 T T T
4_ 1
c\zgo 3t ]
o>
3 2F 3
1 3 0.5¢ 1
0 . . . 0.0 . . .
0 1 2 3 4 0.0 0.5 1.0 1.5 2.0
kzci/wi ke,/w,

Figure 8.1: Dispersion relation for sound waves in a stratified atmosphere. On the left is shown w?(k?)

and on the right just w(k).

As an example, we calculate the value of the period T' = 27 /wy for the solar atmosphere, assuming
cs = 6km/s and g = 270 ms?. First we have H = ¢2/g = (6 x 103)/270m = 1.3 x 10° m = 130 km.
Thus, wo = ¢s/2H = g/2cs = 0.023s57, so T = 27/0.023 s = 280s ~ 5 min. This value is in fact close

to the period of the 5 minutes oscillations of the sun.

8.2 What could have gone wrong

The linearized equations could have also been written in the form

a (p ,dlnp  Ov)
ot (%) T dz + 0z =0, (8.9)
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a !/ a /
Vel (%) —0, (8.10)

Here we have made use of the fact that

a (p pdp 19p 1p 1080
— ()= 4 - 4 _F 4 _“F 8.11
(9z<p> p’dz  p oz +Hp+paz’ (8.11)
Equations (8.9) and (8.10) have constant coefficients, so we can make the ansatz
/:’ — Jeikr—ivt (8.12)
p
vl (z,t) = 0,eF* Wt (8.13)

which leads to the matrix equation

—iw ikc? v\ (0O
(z‘k—H‘l —iw) (19) B (0)' (8:.14)

For nontrivial solutions the determinant of the matrix has to vanish, which leads to the dispersion
relation
w? = c2k? +ikc?/H. (8.15)

This result does not seem compatible with the previous one. In particular, instead of having stable
waves, there now seems to be an instability: the frequency has an imaginary part with the growth
rate +kc2/H.

The reason for this apparent puzzle is that the eigenfunction is a wave whose amplitude increases
with height. At any given point, however, the amplitude does not change. This is a classical case of
what is called in Landau-Lifshitz convective instability' (this does have nothing to do with convection,
however!).

In this case we can make w real by allowing k to be complex. To see this we substitute
k =k +ik", (8.16)

where k' and k" refer to real and imaginary parts, respectively. Note that k% = k2 4 2ik'k" — k"2, so

the dispersion relation becomes
w?=c2(K? — K" —k"/H) +ik'Z(2K" + 1/H). (8.17)
We now require that the imaginary part vanishes, ie k¥ = —1/(2H), and obtain

1
w? = ¢ (k'2 + W) , (8.18)

which is identical to eq. (8.8).

'Physical Kinetics, Section VI
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8.3 The general case

8.3.1 Basic equations

There are five basic equations describing the gas motions. These are the three momentum (or Euler)
equations, the entropy equation (which was originally the energy equation) in the absence of heat

sources or sinks, and the continuity equation, so

Do

—+V zgp =0, 8.19
Py VP 29p (8.19)

Ds
— =0 8.20
oo =0, (8.20)

Dp

where we have assumed that gravity points only in the vertical direction and downwards, ie g = —g2Z,

where g is the gravitational acceleration (in m?/s). We define the entropy as

1
R Inp —Inp. (8.22)
o

8.3.2 The equilibrium solution

The basic state is described by the simplest possible, and yet nontrivial, solution or solutions. For the
basic state we denote all variables by a bar. In the present case the simplest solution is hydrostatic
equilibrium, i.e. all quantities are independent of time, so 9/9t = 0, and the velocity is also zero,

v = 0. Thus, we have from eq. (8.19) simply

—_— = U. .2
jt-l-pg 0 (8.23)

We are interested in an isothermal atmosphere, because that case is far easier than other more general
cases (such as a polytropic atmosphere). Therefore the sound speed is constant, so the square of the

adiabatic sound speed is ¢ = vp/p, or

p=(v/?)p. (8.24)
Thus, the hydrostatic equation becomes

op Y9 _

at CQ p7 (8 5)

and the solution is
z z
P = po exp (—%) = pg exp <_E> , (8.26)
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where

CZ

H=— (8.27)
g
is the scale height. Since the temperature is constant, the density is given by a similar law (with the

same scale height), so

P = po €xXp (—%) . (8.28)

The vertical derivative of the entropy for this hydrostatic case is

1d§_181n]3_81nﬁ_(1 1) 1

) (8.29)

cpdz 7y dz dz H’

where + is the ratio of specific heats (y = 5/3 in many cases).

8.3.3 The continuity equation

The entropy is a useful quantity, because it satisfies a very simple equation. Keeping the pressure
instead of the density has the advantage of having only one gradient term in the momentum equation.

Thus, we express density now in terms of pressure and entropy. From eq. (8.22) we have

1Ds 1Dlnp Dlnp

fll — 8.30
e Dt v Dt Dt ’ (8:30)
but since Ds/Dt = 0 in our case, we have
Dlnp Dlnp
Dt =7 D: (8.31)
or, using eq. (8.21),
Dlnp
Dr = -V v, (8.32)
which can also be written as D
D_It) +9pV-v=0 (8.33)
Now linearising this equation gives
op’ dp
8_]; + v;d—z +9pV -0 =0 (8.34)
For an isothermal atmosphere we have
.
p=poe /", and d_],: = —%e_Z/H, (8.35)
SO 5
8_12 — v;%e_z/H + ypoe IV v =0 (8.36)

The problem with this equation is that it has non-constant coefficient. However, if we make the sub-

stitution [remember that p = p(z)]
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6]5’ 'y) 1 ~/ ~
1 . .

which is now an equation with constant coefficients. Note that this scaling implies that velocity
and entropy perturbations increase with height, but the pressure perturbations decrease with height

because of the p(z) dependence. The last equation can also be written in the form

~
a—p—(1—%) i 4+V-F =0, (8.39)

8.3.4 The momentum equation

We start from the usual momentum equation with constant vertical acceleration due to gravity, so

Dv
= A4
th-I—Vp-I-ng 0 (8.40)
Linearising this gives
P 8t + vy +2p'g =0, (8.41)
or o’ y
v
-+ Vp + zg— =0, (8.42)
ot D

We use as dependent thermodynamic varlables p and s, so we need to express p in terms of p and s.
We use the definition of s in the form
S 1
—=—Ilnp—1Inp (8.43)
o

For the deviation from the basic state we have then
! / /

-2 _7 (8.44)
cp P P
so in the momentum equation above we eliminate p'/p and note that
1 = 2V (§ype/?H :’Y_ﬁz/QH( 4 1 i)_Qz/QH( o 1)
Vp V( ) e Vi - 4o ) = de Vi - 5 (8.45)
and obtain
W' | oy G = 0. (8.46)
— +c - = z2gp — 295 = .
ot p Hp gp’ g

which has now constant coefficients. Remembering that ¢2 = yHg we can combine g — c2/2H to
(1 —v/2)g and have

o' 2 v
ﬁ-l-ch -I-zg(l—E)p—ngS—O (8.47)
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8.3.5 The entropy equation

Finally, the linearised entropy equation, Ds/Dt = 0, becomes

ds'  ,ds

R —_— = .4
5 T, =0 (8.48)

where the expression for ds/dz was given in eq. (8.29), so
os' 1\ v,
— 1-=)2=0. 8.49
o " ( 7) (849)

This equation has constant coefficients already, and this property does not change if we go over to the

transformed variables with tildes (both § and ¥/, have the same scaling factor), so

=t
% Ty —o. (8.50)
S

il 1
8t+(7 )C

8.3.6 The nondimensional set of equations

The equations look a bit messy. We are already using the nondimensional dependent variables @', 3,

p’. Here we also introduce nondimensional measures for time and space coordinates. (with a tilde) as

0 g 0 g &
_99 g_9¢ 8.51
ot ¢ Ot v c? v (8:51)

With these preparations we obtain now the following set of equations:

~1
v Vi + 2 (1 - %) P —zs' =0. (8.52)

ot

We can even go one step further by dividing all three equations by (1 — -y/2) and revising our

definition of nondimensional time and space coordinates,

9 _(,_7\99 _(_z)gA
&:‘(1 2) e V=1 V. (8.55)

and redefining the nondimensional entropy as

s' z
— =/y-1§ — 8.56
o ¥ § exp <2H> , ( )
This yields the equations
o' -
P Vi + 2 — swpyd = 0. (8.57)

ot



62 CHAPTER 8. ATMOSPHERIC WAVES

8"'/

_asf + va’ﬁ; =0, (858)
op' -
—81% P+ V-3 =0, (8.59)

where wpy = /7 — 1/(1 — v/2). The advantage of this somewhat unnecessary procedure is of purely

esthetic nature and becomes clear when writing the final equations in matrix form, ig = Lg, with

0 0 0 0 —i8, o
0 0 0 0 —id, 7,
L=| o o 0 iwpy —i—id, | and ¢q= |47, |. (8.60)
0 0 —iwgy O 0 g
—id, —i9, i—id, 0 0 7

The operator L is hermitian and has therefore real eigenvalues. This allows us to say, without having
solved the actual eigenvalue problem, that the system is stable!
Next we calculate the dispersion relation by making the ansatz g = gexp(ik - © — iwt). We arrive

then at an algebraic system of equations,
wq = Lq, (8.61)

where 0, is replaced by —iw and 0, is replaced by ik,, etc. As usual, non-trivial solutions require that

the determinant of the matrix A = L + wl vanishes. Here, | is the unit matrix and

—w 0 0 0 ky
0 -w 0 0 ky
A=l 0 0 -w iwpy —i+k, (8.62)
0 0 —iwpy —w 0
ke ky i+k, 0 —w

To make sure we get it right, it helps to simplify matters. The system is symmetric with respect

to k; and ky, so we consider first the reduced two-dimensional problem, governed by the matrix

—w 0 0 kg
“ 0 —w 1w —i+k
A= , BY : (8.63)
0 —iwpy -—w 0
ke: 1+k, 0 —w
We now calculate the determinant,
—w iwgy —i+k, 0 —w iwpvy
det A = —wdet | —iwpy —w 0 —kydet| 0 —iwpy -—w | =0, (8.64)
i+k, 0 —w ky i+k, 0

SO
wWHw? — k2 = 1) = EX(w? —why) =0 (8.65)
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or
wt — W (E? 4 Wiy + 1) + k2 Wiy = 0, (8.66)

where k? = k2 + k2? and k? = k2. If k, # 0, this dispersion relation is still valid if we set
K =kl+k +kl, ki=k+k. (8.67)

To convert (8.68) back into dimensional units, we just have to make sure that all dimensions match.
In front of the k? factor, for example, we have to have a c¢? to match the dimensions of w?. Likewise,
unity has to be made into something with the same dimension as w?. According to eq. (8.55), unity
becomes (1 — 37)2¢?/cZ in order to match the dimensions of w?. To turn the dimensionless w3y, term
into the same dimension we have to multiply (y — 1)/(1 — v/2)? with (1 — 3v)%¢?/cZ and get just

(y — 1)g%/c2. Thus the dispersion relation in dimensional units reads

g 7\ ¢
wt — w? 2K + (y - )= + (1 — —) |+ k2 g% (y —1) =0, (8.68)
ct 2) czt
which can be simplified to give
7 ¢
a (k + ZC—Q) YA 1) =0 (5.69)
S

By writing k; = ksin#, where 6 is the polar angle of the wave vector, we can express the dispersion

relation in the form

2 2 _ N2
g2 =Y w ac where N,. = 27_9 and Npyv =+/7— 102, (8.70)
S

2 w? — N&y sin? @’ Cs

are the acoustic and Brunt-Vaisila frequencies in dimensional form.

8.3.7 The anelastic approximation: filtering out sound waves

In the anelastic approximation one replaces the continuity equation by V - (pv) = 0. This yields the

matrix
—w 0 0 ke
- 0 — i —i+k
A= e (8.71)
0 —lwpv —w 0
ky i+k, 0 0
which yields the dispersion relation
—A(k? + 1) + K wiy = 0. (8.72)

In dimensional units the dispersion relation reads

2 2
c§k2—|—<1—1) Z—Q

5 + kg% (y-1)=0. (8.73)
S
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8.3.8 The isothermal case: filtering out g-modes

In the isothermal case, 7 = 1, we have wpy = 0, and so the dispersion relation becomes w? = k? + 1,

which is just the same as eq. (8.8).

8.4 Rotation

In the presence of rotation we have to add the Coriolis force, so the matrix is then

—w 200 0 0 ko
20 —w 0 0 k,
A= 0 0 —w iwpy —i+k, (8.74)
0 0 —iwpy —w 0
ky ky i+k, 0 —w

which yields the dispersion relation (see figure 8.2)

w — W (B 4 Wiy +490% + 1) + KA wiy + 4% (k2 + Wiy +1) =0, (8.75)
0=0.0 0=1.0 0=3.0
120 A A 120 T 100 ARSL AN
100 100 80+t
sof 80}
& & z 601
3 60} 3 60} 3
3 3 3 40+
40} 40}
20 201 =0
0 e 0 et 0 e
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
Csk/‘*’av Csk’/‘*’sv Csk’/‘*’sv

Figure 8.2: Dispersion relation for a stratified atmosphere under the presence of rotation. The upper
and lower branches correspond to sound and gravity waves, respectively. k, = 0, wgy = 4.9 (corre-

sponding to v = 5/3). The dotted line gives the dispersion relation in the anelastic approximation.

In the anelastic approximation the dispersion relation simplifies to
—W (k2 4+ 1) + kK2 wdy + 4% (k2 4+ 1) =0, (8.76)
whilst the isothermal case leads to

wh — W (B2 + 492 + 1) +40%(k2 +1) = 0, (8.77)
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8.5 Rotation and shear

In the presence of shear and rotation we have in general a problem with variable (z-dependent)
coefficients. Omnly in the axisymmetric case, corresponding to k, = 0, do we still have constant

coefficients. In that case the matrix reads

—w 20 0 0 ks
—2-¢)i —w 0 0 0
A= 0 0 —w iwpy —it+k, (8.78)
0 0 —iwpy —w 0
kg 0 i+k, O —w

where g = 3/2 for keplerian shear. This yields the dispersion relation
wh — WPk + Wiy + K2+ 1) + B2y + K2R+ wiy +1) =0, (8.79)

where we have used the epicyclic frequency, , which is given by x? = 2(2 — ¢)Q2. This dispersion
relation agrees with eq. (8.77) if we replace 2Q by . The flow becomes unstable when ¢ > 0, ie k2 < 0.
This corresponds to the Rayleigh unstable case.
In the general nonaxisymmetric case we can solve the problem by letting k, be time-dependent, ie
ky = kz(t), with
kz(t) = kz(0) + ¢S2t. (8.80)

In that case the solutions are of the form q = ¢(¢) explik(t) - ], and we are left with a system of

ordinary differential equations,

% = —ilg (8.81)
with the matrix
0 2Q 0 0 —iky(t)
-2-¢)Q 0 0 0 —iky
A=—il(t) = 0 0 0 wpy —-1-ik, (8.82)
0 0 —WRY 0 0
—iky(t) —ik, 1—ik, 0 0
being explicitly time-dependent. Note that in the absence of shear, ¢ = 0, the matrix A is antihermi-
tian, ie Afj = —Aj;. This means that
5
2 g;Aijg; s purely imaginary (8.83)

=1
8.6 Ignoring time-dependence of k,

If one ignores the time-dependence of k;, one obtains a pseudo-dispersion relation,
q)

wt — WPkt why + 2+ D)+ R Wiy + AR+ why + 1) + Ekxky(w2 —wiy) =0. (8.84)
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In the anelastic approximation, the pseudo-dispersion relation becomes
— (k1) + B Wiy + A2+ 1) + %kwky(uﬂ —wiy) =0. (8.85)
In the Boussinesq limit [ignoring in the matrix (8.88) the terms =i in front of k,] we have
—w?k? + K3 wiy + K2k + %kxky((.u2 —why) = 0. (8.86)
or, after multiplying with —w?,

w'k? = 0 (B why + K%K + iwgQkeky| + iwqQk,kywhy = 0, (8.87)

8.7 Rotation, shear, and magnetic fields

Adding a vertical magnetic field yields the matrix equation

—w 2iQ) 0 0 kg —vpk, 0 vpaky
-(2-9¢iQ —w 0 0 0 0 vak, O
0 0 —w  lwpy —i+k, 0 0 0
A— 0 0 .—inv —w 0 0 0 0 (8.88)
ke 0 i+k, 0 —w 0 0 0
—vak, 0 0 0 0 —w 0 0
0 —vak, 0 0 —qf2 —w 0
vaky 0 0 0 0 0 0 —w
This yields the dispersion relation
wh — WPk + Wiy + K2+ 1) + B2y F 2R Fwiy +1) =0, (8.89)

where we have used the epicyclic frequency, &, which is given by x? = 2(2 — ¢)Q2. This dispersion
relation agrees with eq. (8.77) if we replace 2Q by . The flow becomes unstable when ¢ > 0, ie k2 < 0.
This corresponds to the Rayleigh unstable case.
In the general nonaxisymmetric case we can solve the problem by letting k, be time-dependent, ie
ky = kg (t), with
ky(t) = kz(0) + ¢2t. (8.90)

In that case the solutions are of the form g = ¢(t) exp[ik(t) - ], and we are left with a system of

ordinary differential equations,
dg

= —iLg (8.91)
with the matrix
0 20 0 0 —iks(t)
-2-¢Q 0 0 0 —ik,
A=—il(t) = 0 0 0 wpy -1-ik, (8.92)
0 0 —WBV 0 0

—iky(t) —ik, 1—ik, 0 0
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being explicitly time-dependent. Note that in the absence of shear, ¢ = 0, the matrix A is antihermi-

tian, ie Aj; = —Aj;. This means that

5
Z ¢;Aijq; is purely imaginary (8.93)

=1
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Chapter 9

Appendix

.1 Taylor expansion of the Roche potential

We want to find the Taylor expansion of the Roche potential near the inner Lagrange point L in the
(1)

1 (82®) (@ —21,)2.
Ly

form
@(z) ~ q)() + 3 W
The Roche potential is
2,.2
(I):_GMl_GMg_wrs @)
T T2 2
where G(M, + My)
1 2
w? = —3 (3)
and d = R; + Ry is the distance between the two stars, and R; and Ry are the distances from the
centre of mass. From R;M; = Ry M, we obtain
d
Ry= —— (4)
1+ ﬁf

At a point (z,y) we have
ri=3/(z—d)?+y2 re=y/12+y?, ry=/(z— R2)? +y?
(6)

q>(.’13) ~ &g+ Py (.’17 - $L1)2 .

Now Taylor expansion yields
The location of L is given by d®/0z = 0 in the range 0 < zp, < d. Put y =0, so
GM, GM, w*(z— Ry)?

O(z) = — - - : 7

(z) z—d o 5 (7)

Since 0 < z1, < d we may write
GM1 _ GMQ _ w2(x — R2)2 (8)
5 .
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Differentiation yields
— = — — Ry). 9
oz (z —d)? + z2 wi(z 2) )
Let’s adopt units such that G = M; = d = 1 and assume M, = 0.3. With those numbers we find the

value of x1,, after 5 steps of iteration:

Table 1: Tteration results to find the value of zp,.

x 0% /0x
0.3 1.90252
0.4 —0.422778

0.381818 —0.055325
0.379081  0.0010840
0.379133 0

So zr, = 0.379 and &y = ®(zr,) = —2.50.

To find ®4 differentiate once more:

0’® GM; GMy
a:62:2(:6_003—2 el (10)

At zr,, = 0.379 we have &, = %?:T% = —10.3. In figure 2.6 we have plotted ®(z) (solid line) together

with the Taylor expansion (dotted line).
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